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INVARIANTS OF ORBIT EQUIVALENCE RELATIONS AND
BAUMSLAG-SOLITAR GROUPS
YOSHIKATA KIDA
Abstract. To an ergodic, essentially free and measure-preserving action of a
non-amenable Baumslag-Solitar group on a standard probability space, a flow
is associated. The isomorphism class of the flow is shown to be an invariant of
such actions of Baumslag-Solitar groups under weak orbit equivalence. Results
on groups which are measure equivalent to Baumslag-Solitar groups are also
provided.
1. Introduction
The study of probability-measure-preserving actions of discrete countable groups
through the associated orbit equivalence relations has been making progress since
the seminal works [10], [11], [12] and [38] on amenable groups. We recommend the
reader to consult [17], [18], [41], [48] and [50] for recent development and related
topics. In this paper, we focus on actions of non-amenable Baumslag-Solitar groups,
and introduce their invariants under orbit equivalence. For two non-zero integers p,
q, the Baumslag-Solitar group BS(p, q) is defined as the group with the presentation
BS(p, q) = 〈 a, t | tapt−1 = aq 〉.
After the appearance in [7] as a simple example of a non-Hopfian finitely presented
group for certain p and q, this group attracts attention in combinatorial group
theory. The isomorphism problem for these groups is solved by Moldavanski˘ı [36],
who shows that BS(p, q) and BS(r, s) are isomorphic if and only if there exists an
integer ε ∈ {±1} such that either (p, q) = (εr, εs) or (p, q) = (εs, εr). The group
BS(p, q) is amenable if and only if either |p| = 1 or |q| = 1. We therefore assume
2 ≤ |p| ≤ |q| throughout the paper.
A discrete group is assumed countable unless otherwise mentioned. We mean by
an f.f.m.p. action of a discrete group G a measure-preserving Borel action of G on
a standard finite measure space (X,µ) such that the stabilizer of a.e. x ∈ X in G is
trivial, where “f.f.m.p.” stands for “essentially free and finite-measure-preserving”.
The following equivalence relations among such actions are of our interest.
Definition 1.1. Let G y (X,µ) and H y (Y, ν) be ergodic f.f.m.p. actions of
discrete groups. We say that these actions are orbit equivalent (OE) if there exists
a Borel isomorphism f from a conull Borel subset of X onto a conull Borel subset of
Y such that f∗µ and ν are equivalent and we have f(Gx) = Hf(x) for a.e. x ∈ X .
More generally, we say that the actions G y (X,µ) and H y (Y, ν) are weakly
orbit equivalent (WOE) if there exists a Borel isomorphism f from a Borel subset
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A of X with µ(A) > 0 onto a Borel subset B of Y with ν(B) > 0 such that f∗(µ|A)
and ν|B are equivalent and we have f(Gx ∩ A) = Hf(x) ∩B for a.e. x ∈ A.
We put Γ = BS(p, q) with 2 ≤ |p| ≤ |q| and define a homomorphism m : Γ→ R×+,
called the modular homomorphism of Γ, by setting m(a) = 1 and m(t) = |q/p|. Let
Γ y (X,µ) be an ergodic f.f.m.p. action. We now introduce the flow associated
with this action, which is shown to be an invariant under orbit equivalence. Let
π : (X,µ) → (Z, ξ) be the ergodic decomposition for the action of kerm on (X,µ).
We have the canonical ergodic measure-preserving action of m(Γ) on (Z, ξ). The
flow associated with the action Γ y (X,µ) is defined as the action of R induced
from the action of log ◦m(Γ) on (Z, ξ) through the isomorphism log: R×+ → R. We
refer to Remark 7.4 for a detailed description of this flow.
Theorem 1.2. We set Γ = BS(p, q) and Λ = BS(r, s) with 2 ≤ |p| ≤ |q| and
2 ≤ |r| ≤ |s|. Let Γ y (X,µ) and Λ y (Y, ν) be ergodic f.f.m.p. actions. If these
two actions are WOE, then the flows associated with them are isomorphic.
For a locally compact group G, two measure-preserving actions Gy (Z, ξ) and
G y (W,ω) on measure spaces are called isomorphic if there exists a measurable
isomorphism f from a conull measurable subset of Z onto a conull measurable subset
of W such that f∗ξ and ω are equivalent and for any g ∈ G, we have f(gz) = gf(z)
for a.e. z ∈ Z. In Corollary 7.6, we obtain a refinement of Theorem 1.2 under an
additional assumption.
Theorem 1.2 is strongly inspired by the theory of the flow associated with an
ergodic transformation of type III, summarized in [23]. This flow is defined as the
Mackey range of the Radon-Nikodym cocycle for the transformation. It is notable
that the isomorphism class of the associated flow is a complete invariant of ergodic
single transformations of type III under orbit equivalence. This is due to Hamachi-
Oka-Osikawa [22] and Krieger [31], [32].
Theorem 1.2 is indeed a consequence of a rigidity result on the composition of the
cocycle associated with the WOE and the homomorphism m, which is formulated
in terms of measure equivalence in Theorem 7.3. In Section 4, we prove a variant of
Furman’s theorem on construction of a representation of a group which is measure
equivalent to a given group. Combining these results, we obtain the following:
Theorem 1.3. We set Γ = BS(p, q) with 2 ≤ |p| < |q|. Suppose that an ergodic
f.f.m.p. action Γ y (X,µ) is WOE to a weakly mixing f.f.m.p. action ∆ y (Y, ν)
of a discrete group ∆. Then there exists a homomorphism from ∆ onto Z.
Putting Γ = BS(p, q), we mean by an elliptic subgroup of Γ a subgroup contained
in the group generated by a or in its conjugate in Γ. Under the assumption that any
non-trivial elliptic subgroup of Γ acts ergodically, the parameters p, q are shown to
be invariant under WOE, while the associated flow is isomorphic to the action of
R on R/(log |q/p|)Z by addition, and remembers at most the modulus |q/p|.
Theorem 1.4. We set Γ = BS(p, q) and Λ = BS(r, s) with 2 ≤ |p| < |q| and
2 ≤ |r| < |s|. Suppose that q is not a multiple of p and that s is not a multiple of r.
Let Γy (X,µ) and Λy (Y, ν) be f.f.m.p. actions such that any non-trivial elliptic
subgroup of Γ acts ergodically and so does any non-trivial elliptic subgroup of Λ. If
the two actions Γ y (X,µ) and Λ y (Y, ν) are WOE, then there exists an integer
ε ∈ {±1} with (p, q) = (εr, εs), that is, Γ and Λ are isomorphic.
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The assumption on the actions of non-trivial elliptic subgroups of Γ and Λ can
be relaxed. We refer to Theorem 8.11 for a more general assertion. In Section 9,
when Γ = BS(p, q) with 2 ≤ |p| ≤ |q|, we construct two f.f.m.p. actions of Γ which
are WOE, but not conjugate. The restrictions of the two actions to any non-trivial
elliptic subgroup of Γ are shown to be ergodic. It is therefore impossible to obtain
conjugacy of the two actions under the assumption in Theorem 1.4. As for Bernoulli
shifts of Baumslag-Solitar groups, Popa’s cocycle superrigidity theorem [42] shows
orbit equivalence rigidity of them (see Remark 9.12).
We now turn our attention to measure equivalence (ME). This is an equivalence
relation between discrete groups, introduced by Gromov [20] (see Definition 4.1).
It is known that two discrete groups G and H are ME if and only if there exists an
ergodic f.f.m.p. action of G which is WOE to an ergodic f.f.m.p. action of H .
Theorem 1.5. We set Γ = BS(p, q) with 2 ≤ |p| < |q|. Let ∆ be a discrete group
having an infinite amenable normal subgroup N . Suppose that the quotient ∆/N is
a non-elementarily word-hyperbolic group. Then Γ and ∆ are not ME.
For any integers r, s with 2 ≤ |r| = |s|, the group BS(r, s) contains a finite index
subgroup isomorphic to the direct product of Z with a non-abelian free group of
finite rank. It follows from Theorem 1.5 that the group BS(p, q) with 2 ≤ |p| < |q|
is not ME to BS(r, s). The basic question asking whether the groups BS(p, q) with
different parameters p, q are ME or not remains unsolved.
This paper is organized as follows. In Section 2, we review basic properties of
Baumslag-Solitar groups and the Bass-Serre trees associated with them. In Section
3, starting with terminology of discrete measured groupoids, we introduce several
notions related to them, index, local index, normality, quasi-normality and quotient.
In Section 4, we review the aforementioned Furman’s theorem and prove its variant.
In Section 5, given a finite-measure-preserving action of a Baumslag-Solitar group,
we present an algebraic and sufficient condition for a subgroupoid of the associated
groupoid to be elliptic. Elliptic subgroupoids are shown to be preserved under an
isomorphism between the groupoids associated with actions of Baumslag-Solitar
groups. In Section 6, we introduce the modular cocycle of Radon-Nikodym type
and the local-index cocycle. They are defined for the pair of a discrete measured
groupoid and its quasi-normal subgroupoid. If the pair comes from an action of a
Baumslag-Solitar group and its restriction to an elliptic subgroup, then those two
cocycles are related to the modular homomorphism. In Section 7, Theorems 1.2, 1.3
and 1.5 are proved by using those cocycles. In Section 8, Theorem 1.4 is proved. In
Section 9, we discuss f.f.m.p. actions of a Baumslag-Solitar group which are WOE,
but not conjugate.
In Appendix A, we observe basic properties of an ergodic probability-measure-
preserving action of a Baumslag-Solitar group, focusing on ergodicity of the action
of an elliptic subgroup. Those properties are used to relax ergodicity assumptions
in theorems. In Appendix B, we show that the groupoid associated with a certain
action of a Baumslag-Solitar group has an amenable normal subgroupoid of infinite
type. We also show that the quotient groupoid is of type III, and clarify relationship
with the associated flow.
2. Baumslag-Solitar groups
Contents of this section are discussed from a more general viewpoint in [33,
Section 2]. For a group G and an element g of G, let 〈g〉 denote the cyclic subgroup
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of G generated by g. Let p and q be integers with 2 ≤ |p| ≤ |q|, and set
(⋆) Γ = BS(p, q) = 〈 a, t | tapt−1 = aq 〉.
The group Γ is the HNN extension of the infinite cyclic group 〈a〉 relative to the
isomorphism from 〈ap〉 onto 〈aq〉 sending ap to aq. Let T = TΓ denote the Bass-
Serre tree associated with this HNN extension. The set of vertices of T , denoted
by V (T ), is defined to be Γ/〈a〉. The set of edges of T , denoted by E(T ), is defined
to be Γ/〈aq〉, and for each γ ∈ Γ, the edge corresponding to the coset γ〈aq〉 joins
the two vertices corresponding to the cosets γ〈a〉 and γt〈a〉. We orient this edge so
that the origin is the vertex corresponding to γ〈a〉. The group Γ then acts on T by
orientation-preserving simplicial automorphisms. The action of Γ on V (T ) and that
on E(T ) are both transitive. Let Aut(T ) denote the group of orientation-preserving
simplicial automorphisms of T equipped with the standard Borel structure induced
by the pointwise convergence topology. Unless otherwise stated, we mean by the
Bass-Serre tree associated with Γ the oriented simplicial tree defined above for a
fixed presentation of Γ of the form (⋆). We refer to [47] for the Bass-Serre theory.
Let E+ denote the set of oriented edges of T with the orientation defined above.
Let E− denote the set of oriented edges of T consisting of the inverses of edges in
E+. We set σ(e) = 1 for each e ∈ E+, and set σ(f) = −1 for each f ∈ E−. For a
simplex s of T , let Γs denote the stabilizer of s in Γ. We pick two distinct vertices
v0, v ∈ V (T ). Let e1, . . . , en be the shortest sequence of oriented edges of T such
that the origin of e1 is v0; the terminal of en is v; and for any i = 1, . . . , n − 1,
the terminal of ei and the origin of ei+1 are equal. We define M as the maximal
number in the set {0} ∪ {
∑k
i=1 σ(ei) | k = 1, . . . , n }, and define m as the minimal
number in it. The equality
[Γv0 : Γv0 ∩ Γv] = d0|p0|
m|q0|
M
then holds, where we denote by d0 > 0 the greatest common divisor of p and q, and
set p0 = p/d0 and q0 = q/d0.
For a group G and a subgroup H of G, we set
CommG(H) = { g ∈ G | [H : gHg
−1 ∩H ] <∞, [gHg−1 : gHg−1 ∩H ] <∞}
and call it the (relative) commensurator of H in G, which is a subgroup of G. We
say that an element γ of Γ is elliptic if it fixes a vertex of T . This condition is
equivalent to the equality CommΓ(〈γ〉) = Γ (see [33, Lemma 2.1]). It follows that
ellipticity of elements of Γ is independent of the presentation (⋆). We say that a
subgroup E of Γ is elliptic if it fixes a vertex of T . This condition is equivalent to
that there exists an elliptic element of Γ generating E. It follows that ellipticity of
subgroups of Γ is also independent of the presentation (⋆).
We define the modular homomorphism m : Γ → R×+ by sending a to 1 and t to
|q/p|. This is indeed independent of the presentation (⋆) as shown below. Any two
non-trivial elliptic subgroups E, F of Γ are commensurable, that is, the intersection
E∩F is of finite index in both E and F . Let E be a non-trivial elliptic subgroup of
Γ, and pick a non-neutral element x of E. For each γ ∈ Γ, since γEγ−1 and E are
commensurable, there exist non-zero integers n, m with γxnγ−1 = xm. We define
a map f : Γ → R×+ by f(γ) = |m/n|. This is a well-defined homomorphism, and
is independent of the choice of E and x. Since we have f(a) = 1 and f(t) = |q/p|
by definition, the equality m = f holds. The modular homomorphism m is thus
defined independently of the presentation (⋆).
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3. Discrete measured groupoids
3.1. Terminology. We recommend the reader to consult [26] and [49, Chapter
XIII, Section 3] for basic knowledge of standard Borel spaces and discrete measured
groupoids, respectively. Unless otherwise stated, all sets and maps that appear in
this paper are assumed to be Borel, and relations among Borel sets and maps are
understood to hold up to sets of measure zero.
We refer to a standard Borel space with a finite positive measure as a standard
finite measure space. When the measure is a probability one, we refer to it as a
standard probability space. Let (X,µ) be a standard finite measure space. Let G
be a discrete measured groupoid on (X,µ). Let r, s : G → X denote the range and
source maps, respectively. For a Borel subset A ⊂ X of positive measure, we define
(G)A = { g ∈ G | r(g), s(g) ∈ A }
and call it the restriction of G to A. We denote by GA the saturation
GA = { r(g) ∈ X | g ∈ G, s(g) ∈ A },
which is a Borel subset of X . We say that G is finite if for a.e. x ∈ X , the set
r−1(x) consists of at most finitely many points. We say that G is of infinite type if
for a.e. x ∈ X , the set r−1(x) consists of infinitely many points.
Let Γ be a discrete group. We say that a Borel action of Γ on (X,µ) is non-
singular if the action preserves the class of the measure µ. For a non-singular action
Γ y (X,µ), the associated discrete measured groupoid is denoted by Γ ⋉ (X,µ).
If µ is not specified, it is also denoted by Γ ⋉ X . The range and source maps of
Γ ⋉ (X,µ) are defined by r(γ, x) = γx and s(γ, x) = x, respectively, for γ ∈ Γ
and x ∈ X . The product operation is defined by (γ1, γ2x)(γ2, x) = (γ1γ2, x) for
γ1, γ2 ∈ Γ and x ∈ X .
Let Γ y (X,µ) and Λ y (Y, ν) be ergodic f.f.m.p. actions of discrete groups
on standard finite measure spaces, and let G and H be the associated groupoids,
respectively. The two actions are WOE if and only if there are Borel subsets A ⊂ X
and B ⊂ Y of positive measure such that (G)A and (H)B are isomorphic.
We recall the ergodic decomposition for a discrete measured groupoid.
Theorem 3.1 ([21, Theorem 6.1]). Let (X,µ) be a standard finite measure space.
Let G be a groupoid on X admitting the structure of a discrete measured groupoid
on (X,µ). Then there exist a standard finite measure space (Z, ξ) and a Borel map
π : X → Z such that π∗µ = ξ; and for a.e. z ∈ Z, G admits the structure of an
ergodic discrete measured groupoid on (X,µz), where µz is the probability measure
on X obtained through the disintegration µ =
∫
Z
µzdξ(z) with respect to π.
Moreover, if a standard finite measure space (W,ω) and a Borel map θ : X →W
satisfy these properties in place of (Z, ξ) and π, respectively, then there exists a
Borel isomorphism f from a conull Borel subset of Z onto a conull Borel subset of
W such that θ(x) = f ◦ π(x) for a.e. x ∈ X.
We call the map π : (X,µ)→ (Z, ξ) the ergodic decomposition for G. For z ∈ Z,
we put Xz = π
−1(z) and denote by Gz the ergodic discrete measured groupoid G on
(X,µz). Since µz is supported on Xz, we often identify Gz with a discrete measured
groupoid on (Xz , µz).
We introduce an invariant map for an action of a groupoid. If the unit space of
the groupoid consists of a single point, then it is a fixed point of the action of the
group.
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Definition 3.2. Let G be a discrete measured groupoid on a standard finite mea-
sure space (X,µ), Γ a discrete group, and S a standard Borel space. Suppose that
we have a Borel action of Γ on S and a Borel homomorphism ρ : G → Γ. A Borel
map ϕ : X → S is said to be (G, ρ)-invariant if we have the equality
ρ(g)ϕ(s(g)) = ϕ(r(g))
for a.e. g ∈ G.
More generally, if A is a Borel subset of X with positive measure and if a Borel
map ϕ : A→ S satisfies the above equality for a.e. g ∈ (G)A, then we also say that
ϕ is (G, ρ)-invariant.
The following extendability of invariant maps is in general use.
Lemma 3.3 ([29, Lemma 2.3]). Let G be a discrete measured groupoid on a standard
finite measure space (X,µ). Suppose that we have a Borel action of a discrete group
Γ on a standard Borel space S and a Borel homomorphism ρ : G → Γ. If A is a
Borel subset of X with positive measure and if ϕ : A→ S is a (G, ρ)-invariant Borel
map, then ϕ extends to a (G, ρ)-invariant Borel map from GA into S.
We refer to [3] for amenable groupoids. A consequence of amenability in terms
of the fixed point property is the following:
Proposition 3.4 ([3, Theorem 4.2.7]). Let G be a discrete measured groupoid on
a standard finite measure space (X,µ), Γ a discrete group, and ρ : G → Γ a Borel
homomorphism. Suppose that Γ acts on a compact Polish space K continuously.
Let M(K) denote the space of probability measures on K, on which Γ naturally
acts. If G is amenable, then there exists a (G, ρ)-invariant Borel map from X into
M(K).
3.2. Index for groupoids. The index of a subrelation in a discrete measured
equivalence relation is introduced by Feldman, Sutherland and Zimmer [13]. Their
definition is directly generalized to that for discrete measured groupoids. We define
index for groupoids and present its basic properties.
Let (X,µ) be a standard finite measure space and G a discrete measured groupoid
on (X,µ). Let r, s : G → X denote the range and source maps of G, respectively.
Let H be a subgroupoid of G. For each x ∈ X , we define an equivalence relation on
s−1(x) so that two elements g, h ∈ s−1(x) are equivalent if and only if gh−1 ∈ H.
For a subset E of s−1(x), let E/H denote the set of equivalence classes with respect
to this equivalence relation on E. We define the index of H in G at x, denoted by
[G : H]x, as the cardinality |s−1(x)/H|.
Lemma 3.5. In the above notation, we put I(x) = [G : H]x for x ∈ X. Then the
following assertions hold:
(i) The function I : X → Z>0 ∪ {∞} is Borel, and we have I(s(g)) = I(r(g))
for any g ∈ G. In particular, if G is ergodic, then I is essentially constant.
(ii) For any Borel subset A of X with positive measure and any x ∈ A, we have
the inequality [(G)A : (H)A]x ≤ I(x). If H is ergodic, then the equality
holds.
(iii) If we have a non-singular action of a discrete group Γ on (X,µ) and a
subgroup Λ of Γ such that G = Γ ⋉ (X,µ) and H = Λ ⋉ (X,µ), then
I(x) = [Γ : Λ] for any x ∈ X.
INVARIANTS OF ORBIT EQUIVALENCE RELATIONS 7
Proof. We prove assertion (i), following the proof of [13, Lemma 1.1 (a)]. Taking
Borel sections of the source map s, we find a countable set N and a Borel map
ηn : Dn → G indexed by n ∈ N , where Dn is a Borel subset of X with positive
measure, such that for any n ∈ N and any x ∈ Dn, we have s ◦ ηn(x) = x; and for
any g ∈ G, there exists a unique n ∈ N with s(g) ∈ Dn and ηn(s(g)) = g. Similarly,
we find a countable set M and a Borel map ζm : Dm → H indexed by m ∈ M ,
where Dm is a Borel subset of X with positive measure, such that for any m ∈M
and any x ∈ Dm, we have s ◦ ζm(x) = x; and for any g ∈ H, there exists a unique
m ∈ M with s(g) ∈ Dm and ζm(s(g)) = g. For n1, . . . , nk ∈ N and m ∈ M , we
define a Borel subset E(n1, . . . , nk;m) of X as the set of all points x of X such
that for any i = 1, . . . , k, we have x ∈ Dni ; and for any distinct i, j = 1, . . . , k with
r ◦ ηni(x) ∈ Dm, the two elements ζm(r ◦ ηni(x))ηni (x) and ηnj (x) are distinct. For
any k ∈ Z>0, the equality
{ x ∈ X | I(x) ≥ k } =
⋃
(n1,...,nk)∈Nk
⋂
m∈M
E(n1, . . . , nk;m)
holds. The function I is thus Borel.
For any g ∈ G, putting x = s(g) and y = r(g), we have the bijection from s−1(x)
onto s−1(y) sending each element h of s−1(x) to hg−1. It induces a bijection from
s−1(x)/H onto s−1(y)/H. The equality I(x) = I(y) follows. Assertion (i) is proved.
Let A be a Borel subset of X with positive measure. Let sA : (G)A → A denote
the source map of (G)A. The inequality in assertion (ii) holds because for any x ∈ A,
the inclusion of s−1A (x) into s
−1(x) induces an injective map from s−1A (x)/(H)A
into s−1(x)/H. Assume that H is ergodic. For x ∈ X , let ex ∈ G denote the unit
element at x. Ergodicity of H implies that there exists a Borel map f : X → H
with f(x) = ex for any x ∈ A and with s◦ f(y) = y and r ◦ f(y) ∈ A for any y ∈ X .
For any x ∈ A and any g ∈ s−1(x), the two elements g and f(r(g))g lie in the same
class in s−1(x)/H, and we have f(r(g))g ∈ (G)A. The map from s
−1
A (x)/(H)A into
s−1(x)/H is therefore surjective, and the equality [(G)A : (H)A]x = I(x) follows.
Assertion (ii) is proved.
Assertion (iii) follows by definition. 
Lemma 3.6. Let G be a discrete measured groupoid on a standard finite measure
space (X,µ). Let r, s : G → X denote the range and source maps of G, respectively.
Let H, K and L be subgroupoids of G. Then the following assertions hold:
(i) For any x ∈ X, we have [G : H ∩K]x ≤ [G : H]x[G : K]x.
(ii) If H < K, then for any x ∈ X, we have [K ∩ L : H ∩ L]x ≤ [K : H]x.
(iii) If H < K, then for any x ∈ X, we have the equality
[G : H]x =
∑
g∈E
[K : H]r(g),
where E is a set of representatives of all classes in s−1(x)/K. Moreover,
if any real-valued Borel function on X that is K-invariant is G-invariant,
then for a.e. x ∈ X, we have the equality
[G : H]x = [G : K]x[K : H]x.
Proof. For z ∈ X , we set Gz = s−1(z). We prove assertion (i). Fix x ∈ X . Let
p : Gx/(H ∩K)→ Gx/H, q : Gx/(H ∩K)→ Gx/K
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be the natural maps. For any g, h ∈ Gx, if p(g) = p(h) and q(g) = q(h), then
gh−1 ∈ H ∩ K. It follows that the map from the set Gx/(H ∩ K) into the product
Gx/H× Gx/K defined by p and q is injective. Assertion (i) is proved.
Assertion (ii) holds because for any x ∈ X , the inclusion of Gx∩K∩L into Gx∩K
induces an injective map from (Gx ∩ K ∩ L)/(H ∩ L) into (Gx ∩K)/H.
We prove assertion (iii). For any z ∈ X , we have the natural map qz : Gz → Gz/K.
Fix x ∈ X . Let E be a set of representatives of all classes in Gx/K. Pick g ∈ E and
put y = r(g). Let ey ∈ G denote the unit element at y. The map from q−1x (qx(g))
onto q−1y (qy(ey)) sending each element h of q
−1
x (qx(g)) to hg
−1 is bijective. This
map induces a bijection from q−1x (qx(g))/H onto q
−1
y (qy(ey))/H. We thus have the
equality |q−1x (qx(g))/H| = |q
−1
y (qy(ey))/H| = [K : H]y. The equality
[G : H]x = |Gx/H| =
∑
g∈E
|q−1x (qx(g))/H| =
∑
g∈E
[K : H]r(g)
is obtained. The former assertion in assertion (iii) is proved.
The function on X assigning [K : H]z to each z ∈ X is K-invariant by Lemma 3.5
(i). If the ergodic decompositions for G and K are the same map, then this function
is also G-invariant. For a.e. x ∈ X and any g ∈ E, the equality [K : H]r(g) = [K : H]x
then holds. The latter assertion in assertion (iii) is proved. 
The following lemma is obtained from the definition of index.
Lemma 3.7. Let G be a discrete measured groupoid on a standard finite measure
space (X,µ). Let Γ be a discrete group, and let Λ be a subgroup of Γ. If ρ : G → Γ
is a Borel homomorphism, then ρ−1(Λ) is a subgroupoid of G, and for any x ∈ X,
we have [G : ρ−1(Λ)]x ≤ [Γ : Λ].
Let Γ be a discrete group, Λ a subgroup of Γ of finite index, and S a space on
which Γ acts. Choose a family {γ1, . . . , γN} of representatives for all right cosets of
Λ in Γ with N = [Γ : Λ]. For any fixed point x0 in S for the action of Λ, the subset
{γ−11 x0, . . . , γ
−1
N x0} of S is an orbit for the action of Γ and is thus fixed by Γ. The
following lemma is an analogue for groupoids.
Lemma 3.8. In the notation in the second paragraph of this subsection, let Γ be a
discrete group, ρ : G → Γ a Borel homomorphism, and S a standard Borel space on
which Γ acts by Borel automorphisms. We denote by F(S) the Borel space of all
non-empty finite subsets of S, on which Γ naturally acts. Suppose that the function
I(x) = [G : H]x on X is essentially constant, and its essential value, denoted by N ,
is finite. Let φ1, . . . , φN be Borel maps from X into G such that for a.e. x ∈ X,
{φ1(x), . . . , φN (x)} is a set of representatives of all classes in s−1(x)/H. Then for
any (H, ρ)-invariant Borel map ψ : X → S, the Borel map Ψ: X → F(S) defined
by
Ψ(x) = { ρ(φ1(x))
−1ψ(r ◦ φ1(x)), . . . , ρ(φN (x))
−1ψ(r ◦ φN (x)) }
for x ∈ X is (G, ρ)-invariant.
Proof. We denote by S(N) the symmetric group on the set {1, . . . , N}. For a.e.
g ∈ G with x = s(g) and y = r(g), the set {φ1(x)g−1, . . . , φN (x)g−1} is then a set of
representatives of all classes in s−1(y)/H. There thus exists a Borel homomorphism
α : G → S(N) such that for a.e. g ∈ G with x = s(g) and y = r(g) and for any
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i ∈ {1, . . . , N}, we have φi(x)g−1φα(g)(i)(y)
−1 ∈ H. Putting j = α(g)(i), we have
ρ(g)ρ(φi(x))
−1ψ(r ◦ φi(x)) = ρ(φj(y))
−1ρ(φj(y)gφi(x)
−1)ψ(r ◦ φi(x))
= ρ(φj(y))
−1ψ(r ◦ φj(y)),
where the last equality holds because ψ is (H, ρ)-invariant. The lemma follows. 
In Lemma 3.8, we note that for a.e. x ∈ X , exactly one of φ1(x), . . . , φN (x), say
φ1(x), belongs to H, and we then have ρ(φ1(x))−1ψ(r ◦ φ1(x)) = ψ(x) because ψ
is (H, ρ)-invariant. It follows that Ψ(x) contains ψ(x) for a.e. x ∈ X .
Lemma 3.9. In the notation in the second paragraph of this subsection, suppose
that G is measure-preserving. We also suppose that the function I(x) = [G : H]x
on X is essentially constant, and its essential value, denoted by N , is finite. Let
π : (X,µ) → (Z, ξ) and θ : (X,µ) → (W,ω) be the ergodic decompositions for G
and H, respectively. Let σ : (W,ω) → (Z, ξ) be the canonical Borel map such that
π = σ ◦ θ, i.e., the following diagram commutes:
(X,µ)
θ
zz✉✉
✉✉
✉✉
✉✉
✉
pi
##❍
❍❍
❍❍
❍❍
❍❍
(W,ω)
σ
// (Z, ξ)
Let ω =
∫
Z
ωzdξ(z) be the disintegration with respect to σ. Then for a.e. z ∈ Z,
the set σ−1(z) consists of at most N points up to ωz-null sets.
Proof. To prove the lemma, it is enough to show that for a.e. z ∈ Z, there exists no
Borel subset of σ−1(z) whose measure with respect to ωz is positive and less than
1/N . We assume the contrary, and will deduce a contradiction.
Thanks to general description of a measurable decomposition of a measure space
in [44, §4, No.1], there exist a countable set M , a Borel partition Z =
⊔
m∈M Zm
and a standard finite measure space (Em, ηm) indexed by each m ∈ M satisfying
the following: For any m ∈M , there exists a Borel isomorphism fm from a conull
Borel subset of Em × Zm onto a conull Borel subset of σ−1(Zm) such that for a.e.
y ∈ Em and a.e. z ∈ Zm, the equality σ ◦ fm(y, z) = z holds; and the measure
(fm)∗(ηm × ξm) and the restriction of ω to σ−1(Zm) are equivalent, where ξm is
the restriction of ξ to Zm. This application of the result in [44] owes to the proof
of [14, Proposition 2.21]. Our assumption in the last paragraph implies that there
exists a Borel subset A of Z with ξ(A) > 0 and a Borel subset B of σ−1(A) with
0 < ωz(B ∩ σ−1(z)) < 1/N for a.e. z ∈ A. We choose Borel maps φ1, . . . , φN from
X into G such that for a.e. x ∈ X , {φ1(x), . . . , φN (x)} is a set of representatives of
all classes in s−1(x)/H. We put
Y = θ−1(B) and D =
N⋃
i=1
(r ◦ φi)
−1(Y ).
We claim that D is G-invariant. For a.e. g ∈ G with x = s(g) ∈ D and y = r(g),
there exists i with r ◦ φi(x) ∈ Y , and there exists j with φj(y)gφi(x)−1 ∈ H. Since
Y is H-invariant, we have r ◦φj(y) ∈ Y . We thus have y ∈ D. The claim is proved.
The claim and the inclusion B ⊂ σ−1(A) imply the inclusion D ⊂ π−1(A).
We show the converse inclusion. Let µ =
∫
Z
µzdξ(z) be the disintegration with
respect to π. We have ω = θ∗µ =
∫
Z
θ∗µzdξ(z). By uniqueness of disintegration,
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we have ωz = θ∗µz for a.e. z ∈ Z. The condition ωz(B ∩ σ−1(z)) > 0 for a.e. z ∈ A
implies that µz(Y ∩ π−1(z)) > 0 for a.e. z ∈ A. Since D is a G-invariant Borel
subset of X containing Y , we have π−1(A) ⊂ D.
We thus obtained the equality D = π−1(A). By the definition of D, we have
µ(D) ≤ Nµ(Y ) = Nω(B) = N
∫
A
ωz(B ∩ σ
−1(z)) dξ(z) < ξ(A) = µ(D).
This is a contradiction. 
In Lemma 3.9, thanks to its conclusion, replacing W by its conull Borel subset,
we can assume that for a.e. z ∈ Z, any point of σ−1(z) has positive measure with
respect to ωz, and σ
−1(z) consists of at most N points.
We end this subsection with the following lemma on disintegration of a measure,
which will be applied in the setting of Lemma 3.9.
Lemma 3.10. Let (X,µ), (Z, ξ) and (W,ω) be standard finite measure spaces. Let
π : X → Z, θ : X → W and σ : W → Z be Borel maps satisfying the equalities
π∗µ = ξ, θ∗µ = ω and π = σ ◦ θ. Let µ =
∫
Z
µzdξ(z) and µ =
∫
W
νwdω(w) be the
disintegrations with respect to π and θ, respectively. Suppose that for a.e. z ∈ Z,
the set σ−1(z) is countable. Then for a.e. w ∈W , we have the equality
µσ(w)|θ−1(w) = µσ(w)(θ
−1(w))νw .
Proof. For z ∈ Z, we put Xz = π−1(z) and Wz = σ−1(z). Similarly, for w ∈ W ,
we put Xw = θ
−1(w). For a.e. z ∈ Z, we have the partition Xz =
⊔
w∈Wz
Xw into
countably many Borel subsets. For any Borel subset B of W , we have
ω(B) = µ(θ−1(B)) =
∫
Z
µz(θ
−1(B) ∩Xz) dξ(z) =
∫
Z
∑
w∈B∩Wz
µz(Xw) dξ(z).
For any Borel subset A of X , we thus have
µ(A) =
∫
Z
µz(A ∩Xz) dξ(z) =
∫
Z
∑
w∈Wz
µz(A ∩Xw) dξ(z)
=
∫
W
µσ(w)(A ∩Xw)
µσ(w)(Xw)
dω(w).
By uniqueness of disintegration, we obtain the desired equality. 
3.3. Local index. Throughout this subsection, we fix a standard finite measure
space (X,µ), a discrete measured groupoid G on (X,µ) and a subgroupoid H of G.
As proved in Lemma 3.5 (ii), if A is a Borel subset of X with positive measure, the
inequality [(G)A : (H)A]x ≤ [G : H]x holds for any x ∈ A though the equality does
not hold in general. Under a certain assumption, for x ∈ X , we define the local
index of H in G at x, denoted by [[G : H]]x, which necessarily satisfies the equality
[[(G)A : (H)A]]x = [[G : H]]x for any Borel subset A of X with positive measure
and a.e. x ∈ A. This local index can be seen as an anlogue of the local index for
subfactors introduced by Jones in [25, §2.2].
Let π : (X,µ) → (Z, ξ) and θ : (X,µ) → (W,ω) be the ergodic decompositions
for G and H, respectively. Let σ : (W,ω)→ (Z, ξ) be the canonical Borel map such
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that π = σ ◦ θ, i.e., the following diagram commutes:
(X,µ)
θ
zz✉✉
✉✉
✉✉
✉✉
✉
pi
##❍
❍❍
❍❍
❍❍
❍❍
(W,ω)
σ
// (Z, ξ)
We suppose that for any z ∈ Z, the set σ−1(z) is countable. Under this assumption,
we define the local index of H in G at x ∈ X .
Choose a countable set N and a Borel partitionW =
⊔
n∈N Wn such that for any
n ∈ N , we have ω(Wn) > 0, and the map σ is injective on Wn. Set Yn = θ−1(Wn)
for n ∈ N . We define a Borel function J : X → Z>0 ∪ {∞} so that for n ∈ N and
x ∈ Yn, we have J(x) = [(G)Yn : (H)Yn ]x. The following lemma implies that this
function does not depend on the choice of the partition W =
⊔
n∈N Wn.
Lemma 3.11. In the above notation, fix n ∈ N . If A is a Borel subset of Yn with
µ(A) > 0, then for a.e. x ∈ A, we have [(G)A : (H)A]x = [(G)Yn : (H)Yn ]x.
Proof. We put Y = Yn. Let sY : (G)Y → Y and sA : (G)A → A be the source maps.
For any x ∈ A, the inclusion of s−1A (x) into s
−1
Y (x) induces the injective map ı from
s−1A (x)/H into s
−1
Y (x)/H. To prove the lemma, it suffices to show that ı is surjective
for a.e. x ∈ A. Since σ is injective onWn, the equality (G)Y A = HA holds. For a.e.
x ∈ A and any g ∈ s−1Y (x), there thus exists h ∈ H with s(h) ∈ A and r(h) = r(g).
The product h−1g belongs to s−1A (x), and we have g(h
−1g)−1 = h ∈ H. The map ı
is therefore surjective. 
For x ∈ X , we denote J(x) by [[G : H]]x, and call this number the local index of
H in G at x. We present basic properties of local index.
Lemma 3.12. In the notation in the second paragraph of this subsection, let K be
a subgroupoid of G with H < K. Then for a.e. x ∈ X, the local indices [[G : K]]x
and [[K : H]]x at x are well-defined, and we have the equality
[[G : H]]x = [[G : K]]x[[K : H]]x.
Proof. Let Φ: (X,µ) → (V, υ) be the ergodic decomposition for K. We have the
canonical Borel map from (W,ω) into (V, υ) and that from (V, υ) into (Z, ξ) because
we have H < K < G. Since the composition of these two maps is equal to σ, the
inverse image of any point under these two maps is countable. The former assertion
follows. The desired equality follows from Lemma 3.6 (iii) and Lemma 3.11. 
Lemma 3.13. In the notation in the second paragraph of this subsection, if A is a
Borel subset of X with µ(A) > 0, then for a.e. x ∈ A, we have the equality
[[(G)A : (H)A]]x = [[G : H]]x.
Proof. Let π1 : (A, µ|A) → (Z1, ξ1) and θ1 : (A, µ|A) → (W1, ω1) be the ergodic
decompositions for (G)A and (H)A, respectively. We have the canonical Borel map
σ1 : (W1, ω1)→ (Z1, ξ1) such that π1 = σ1◦θ1, i.e., the following diagram commutes:
(A, µ|A)
θ1
yyrr
rr
rr
rr
rr pi1
%%❑
❑❑
❑❑
❑❑
❑❑
❑
(W1, ω1)
σ1
// (Z1, ξ1)
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We also have the canonical injective Borel map from Z1 into Z, and identify Z1
with the image, which is a Borel subset of Z. In the same manner, we naturally
identify W1 with a Borel subset of W . The map σ1 is the restriction of σ under
these identifications.
Let W2 be a Borel subset of W1 such that ω1(W2) > 0, and σ1 is injective on
W2. Put Y1 = θ
−1
1 (W2). By definition, we have [[(G)A : (H)A]]x = [(G)Y1 : (H)Y1 ]x
for a.e. x ∈ Y1. We set Y = HY1 = θ−1(W2). Since σ is injective on W2, we have
the equality [[G : H]]x = [(G)Y : (H)Y ]x for a.e. x ∈ Y . By Lemma 3.11, the desired
equality holds for a.e. x ∈ Y1. 
Lemma 3.14. Let Γ be a discrete group. Let Λ be a finite index, normal subgroup
of Γ. Suppose that we have a non-singular action of Γ on a standard finite measure
space (X,µ). We set G = Γ⋉X and H = Λ⋉X, and define the maps π, θ and σ as
in the second paragraph of this subsection. Let ω =
∫
Z
ωzdξ(z) be the disintegration
with respect to σ. We assume that for a.e. z ∈ Z, any point of σ−1(z) has positive
measure with respect to ωz. Then for a.e. x ∈ X, we have the equality
[[G : H]]x =
[Γ : Λ]
|σ−1(π(x))|
.
Proof. We have the canonical non-singular action of Γ on (W,ω) because Λ is normal
in Γ. For w ∈ W , let Γw denote the stabilizer of w in Γ, which contains Λ. The
set σ−1(σ(w)) is then identified with Γ/Γw. Let W1 be a Borel subset of W such
that ω(W1) > 0; the map σ is injective on W1; and Γw = Γw′ for any w,w
′ ∈ W1.
Set Y = θ−1(W1) and fix w0 ∈ W1. The set Y is Γw0-invariant, and the equality
(G)Y = Γw0 ⋉ Y holds. For a.e. x ∈ Y , we then have the equality
[[G : H]]x = [(G)Y : (H)Y ]x = [Γw0 ⋉ Y : Λ⋉ Y ]x = [Γw0 : Λ].
The lemma therefore follows. 
3.4. Quasi-normal subgroupoids. Normal subgroupoids are studied in [30] and
[45] as a generalization of normal subrelations introduced by Feldman, Sutherland
and Zimmer [13]. In this subsection, we recall normal subgroupoids, and introduce
quasi-normal subgroupoids, which are a slight generalization of normal ones. We
refer to [4] and [5] for related works in the framework of von Neumann algebras.
Let G be a discrete measured groupoid on a standard finite measure space (X,µ).
Let r, s : G → X denote the range and source maps of G, respectively. We define
[[G]] as the set of all Borel maps φ : Dφ → G from a Borel subsetDφ ofX into G such
that s ◦φ(x) = x for any x ∈ Dφ; and the map r ◦φ : Dφ → X is injective. For any
φ ∈ [[G]], we set Rφ = r ◦φ(Dφ) and define a Borel map Uφ : (G)Dφ → (G)Rφ by the
formula Uφ(g) = φ(r(g))gφ(s(g))
−1 for g ∈ (G)Dφ . The map Uφ is an isomorphism
of discrete measured groupoids.
Let S be a subgroupoid of G. For φ ∈ [[G]], we set Sφ = Uφ((S)Dφ ). We define
two subsets NG(S), QNG(S) of [[G]] by
NG(S) = {φ ∈ [[G]] | S
φ = (S)Rφ },
QNG(S) = {φ ∈ [[G]] | [(S)Rφ : (S)Rφ ∩ S
φ]x <∞, [S
φ : (S)Rφ ∩ S
φ]x <∞
for a.e. x ∈ Rφ }.
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Definition 3.15. Let G be a discrete measured groupoid on a standard finite
measure space (X,µ) with s : G → X the source map. Let S be a subgroupoid of
G.
(i) We say that S is normal in G if there exists a countable family {φn}n of
elements of NG(S) such that for a.e. g ∈ G, there exists n with s(g) ∈ Dφn
and φn(s(g))g
−1 ∈ S.
(ii) We say that S is quasi-normal in G if the same condition as in (i) holds
after replacing NG(S) with QNG(S).
While the above definition of normal subgroupoids is slightly different from those
in [30] and [45], it can be checked that they are equivalent.
We introduce composition and inverse of elements of [[G]]. Pick φ, ψ ∈ [[G]]. We
define η ∈ [[G]] as follows. Set Dη = (r ◦ φ)−1(Dψ ∩ Rφ) and define a Borel map
η : Dη → G by η(x) = ψ(r ◦φ(x))φ(x) for x ∈ Dη. The map η then belongs to [[G]].
The isomorphism Uη is equal to the restriction of Uψ ◦Uφ to (G)Dη . We denote the
map η by ψ • φ and call it the composition of φ and ψ.
For φ ∈ [[G]], we define ζ ∈ [[G]] as follows. Set Dζ = Rφ and define a Borel map
ζ : Dζ → G by ζ(x) = φ((r ◦ φ)−1(x))−1 for x ∈ Dζ . The map ζ then belongs to
[[G]]. We have the equality Uζ = U
−1
φ . Let us call the map ζ the inverse of φ.
Lemma 3.16. Let S be a subgroupoid of G. Then the following assertions hold.
(i) For any φ ∈ QNG(S) and any Borel subset A of Dφ, the restriction of φ
to A, denoted by φ|A, belongs to QNG(S).
(ii) For any φ, ψ ∈ QNG(S), we have ψ • φ ∈ QNG(S).
(iii) For any φ ∈ QNG(S), the inverse of φ also belongs to QNG(S).
Proof. Let r, s : G → X be the range and source maps of G, respectively. Assertion
(i) follows from Lemma 3.5 (ii). To prove assertion (iii), we pick φ ∈ QNG(S). Let
θ be the inverse of φ. For a.e. x ∈ Rθ, we have
[(S)Rθ : (S)Rθ ∩ S
θ]x = [(S)Dφ : (S)Dφ ∩ S
θ]x = [S
φ : Sφ ∩ (S)Rφ ]r◦φ(x),
where the second equality is obtained by applying Uφ. The right hand side is finite
because φ belongs to QNG(S). In a similar way, we can show that [S
θ : (S)Rθ ∩S
θ ]x
is finite for a.e. x ∈ Rθ. Assertion (iii) is proved.
To prove assertion (ii), we pick φ, ψ ∈ QNG(S) and put η = ψ • φ. Let ζ be
the inverse of ψ. For any x ∈ Rη, let E be a set of representatives of all classes in
(s−1(x) ∩ (S)Rη )/((S)Rη ∩ (S
ψ)Rη ). We have
[(S)Rη : (S)Rη ∩ S
η]x ≤ [(S)Rη : (S)Rη ∩ (S
ψ)Rη ∩ S
η]x
=
∑
g∈E
[(S)Rη ∩ (S
ψ)Rη : (S)Rη ∩ (S
ψ)Rη ∩ S
η]r(g),
where the last equality holds by Lemma 3.6 (iii). For a.e. x ∈ Rη, the set E is finite
because ψ belongs to QNG(S). We put C = r ◦ ζ(Rη). For any g ∈ E, putting
y = r(g), we have
[(S)Rη ∩ (S
ψ)Rη : (S)Rη ∩ (S
ψ)Rη ∩ S
η]y
= [(Sζ)C ∩ (S)C : (S
ζ)C ∩ (S)C ∩ (S
φ)C ]r◦ζ(y)
≤ [(S)C : (S)C ∩ (S
φ)C ]r◦ζ(y) ≤ [(S)Rφ : (S)Rφ ∩ S
φ]r◦ζ(y),
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where the first equality is obtained by applying Uζ . The first and second inequalities
follow from Lemma 3.6 (ii) and Lemma 3.5 (ii), respectively. The right hand side is
finite because φ belongs to QNG(S). We therefore have [(S)Rη : (S)Rη ∩ S
η]x <∞
for a.e. x ∈ Rη.
Let ξ denote the inverse of η, which is the composition of the inverses of ψ and
of φ. For a.e. x ∈ Rη, applying Uξ, we obtain the equality
[Sη : (S)Rη ∩ S
η]x = [(S)Rξ : S
ξ ∩ (S)Rξ ]r◦ξ(x).
The right hand side is finite thanks to assertion (iii) and the argument in the last
paragraph. Assertion (ii) is proved. 
In the notation in Definition 3.15, S is normal in G if and only if there exists a
countable family {φn}n of elements of NG(S) such that G =
⋃
n φn(Dφn) up to null
sets. This is because [[S]] is contained in NG(S) and the composition of two elements
of NG(S) also belongs to NG(S). A similar property holds for quasi-normality if
NG(S) is replaced by QNG(S).
Let Γ be a discrete group and Λ a subgroup of Γ. The set QNΓ(Λ) introduced
right before Definition 3.15 is naturally identified with the subgroup CommΓ(Λ) of
Γ introduced in Section 2. It follows that Λ is quasi-normal in Γ in the sense of
Definition 3.15 if and only if the equality CommΓ(Λ) = Γ holds.
Lemma 3.17. Let Γ be a discrete group and Λ a subgroup of Γ. Let Γy (X,µ) be
a non-singular action. If Λ is quasi-normal in Γ, then Λ ⋉ (X,µ) is quasi-normal
in Γ⋉ (X,µ).
Proof. Put G = Γ ⋉ (X,µ) and H = Λ ⋉ (X,µ). For any γ ∈ Γ, the map from
X into G sending each element x of X to (γ, x) belongs to QNG(H). The lemma
follows. 
Lemma 3.18. Let G be a discrete measured groupoid on a standard finite measure
space (X,µ). Let S be a quasi-normal subgroupoid of G. Then for any Borel subset
A of X with positive measure, (S)A is quasi-normal in (G)A.
Proof. Let {φn}n∈N be a countable family of elements of QNG(S) such that for a.e.
g ∈ G, there exists n ∈ N with s(g) ∈ Dφn and φn(s(g))g
−1 ∈ S. Choose a Borel
map ψ : SA→ S such that ψ(x) = ex for any x ∈ A, where ex is the unit element
at x; and s◦ψ(x) = x and r ◦ψ(x) ∈ A for any x ∈ SA\A. For each n ∈ N , we set
Dn = { x ∈ A ∩Dφn | r ◦ φn(x) ∈ SA }
and define a Borel map ψn : Dn → (G)A by ψn(x) = ψ(r ◦ φn(x))φn(x) for x ∈ Dn.
Taking a countable Borel partition of Dn and restricting ψn to each piece, we obtain
a countable family {ηm}m∈M of elements of QN(G)A((S)A) such that for any n ∈ N
and a.e. x ∈ Dn, there exists m ∈M with x ∈ Dηm and ηm(x) = ψn(x).
For a.e. g ∈ (G)A, there exists n ∈ N with s(g) ∈ Dφn and φn(s(g))g
−1 ∈ S.
Putting x = s(g), we have r ◦φn(x) ∈ SA. We can thus find m ∈M with x ∈ Dηm
and ψn(x) = ηm(x). The equality ηm(x)g
−1 = ψ(r ◦ φn(x))φn(x)g−1 holds, and
this element belongs to (S)A. It follows that (S)A is quasi-normal in (G)A. 
Lemma 3.19. Let G be a discrete measured groupoid on a standard finite measure
space (X,µ). Let S and T be subgroupoids of G such that S < T and [T : S]x <∞
for a.e. x ∈ X. Then we have the equality QNG(S) = QNG(T ). In particular, S is
quasi-normal in G if and only if T is quasi-normal in G.
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Proof. We denote by r, s : G → X the range and source maps of G, respectively.
Pick φ ∈ QNG(S). For any x ∈ Rφ, let E be a set of representatives of all classes
in (s−1(x) ∩ (T )Rφ)/(S)Rφ . We have
[(T )Rφ : (T )Rφ ∩ T
φ]x ≤ [(T )Rφ : (S)Rφ ∩ S
φ]x =
∑
g∈E
[(S)Rφ : (S)Rφ ∩ S
φ]r(g),
where the last equality holds by Lemma 3.6 (iii). For a.e. x ∈ Rφ, the right hand
side is finite because E is finite and φ belongs to QNG(S). As in the last part in
the proof of Lemma 3.16 (ii), we can conclude that [T φ : (T )Rφ ∩T
φ]x is also finite
for a.e. x ∈ Rφ. It follows that φ belongs to QNG(T ).
Pick ψ ∈ QNG(T ). For any x ∈ Rψ , let F be a set of representatives of all classes
in (s−1(x) ∩ (T )Rψ)/((T )Rψ ∩ T
ψ). We have
[(S)Rψ : (S)Rψ ∩ S
ψ ]x ≤ [(T )Rψ : (S)Rψ ∩ S
ψ ]x
=
∑
g∈F
[(T )Rψ ∩ T
ψ : (S)Rψ ∩ S
ψ ]r(g).
For a.e. x ∈ Rψ, the set F is finite because ψ belongs to QNG(T ). For any g ∈ F ,
putting y = r(g), we have
[(T )Rψ ∩ T
ψ : (S)Rψ ∩ S
ψ]y
≤ [(T )Rψ ∩ T
ψ : (S)Rψ ∩ T
ψ]y[(T )Rψ ∩ T
ψ : Sψ ∩ (T )Rψ ]y
≤ [(T )Rψ : (S)Rψ ]y[T
ψ : Sψ ]y,
where the first and second inequalities hold by Lemma 3.6 (i) and (ii), respectively.
The right hand side is finite for a.e. x ∈ Rψ. We see that [(S)Rψ : (S)Rψ ∩ S
ψ ]x is
finite for a.e. x ∈ Rψ. Similarly, we can conclude that [Sψ : (S)Rψ ∩ S
ψ ]x is finite
for a.e. x ∈ Rψ. It follows that ψ belongs to QNG(S). 
3.5. Quotient. Let (X,µ) be a standard finite measure space. Let G be a discrete
measured groupoid on (X,µ). Given a normal subgroupoid S of G, we can construct
a discrete measured groupoid Q on a standard finite measure space (Z, ξ) and a
Borel homomorphism θ : G → Q satisfying the following three conditions:
(a) The equality ker θ = S holds.
(b) For a.e. h ∈ Q and x ∈ X such that θ(x) is equal to the source of h, there
exists g ∈ G with s(g) = x and θ(g) = h, where the map from X into Z
induced by θ is denoted by the same symbol θ.
(c) If Q′ is a discrete measured groupoid on a standard finite measure space
(Z ′, ξ′) and if θ′ : G → Q′ is a Borel homomorphism with S < ker θ′, then
there exists a Borel homomorphism τ : Q → Q′ with τ ◦ θ = θ′.
The groupoid Q is called the quotient of G by S and denoted by G/S. We refer to
the proof of [13, Theorem 2.2] for the construction of Q and θ (see also [45, Section
3], where the quotient by a strongly normal subgroupoid is discussed). Although
in [13], the quotient is constructed in the case where G is principal, it is also valid
in the general case. In the construction, the map from (X,µ) into (Z, ξ) induced
by θ is defined as the ergodic decomposition for S. In particular, if S is ergodic,
then Q is a discrete group. The following lemma is deduced from the construction
of the quotient.
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Lemma 3.20. Let G be a discrete measured groupoid on a standard finite measure
space (X,µ). Let H be a normal subgroupoid of G. Then the following assertions
hold:
(i) Let A be a Borel subset of X with X = HA. Then the inclusion of (G)A
into G induces an isomorphism from (G)A/(H)A onto G/H.
(ii) Suppose that we have a non-singular action of a discrete group Γ on (X,µ)
and a normal subgroup Λ of Γ such that G = Γ⋉(X,µ) and H = Λ⋉(X,µ).
If the action of Λ on (X,µ) is ergodic, then the projection from G onto Γ
induces an isomorphism from G/H onto Γ/Λ.
4. A variant of Furman’s theorem
Theorem 4.2 below is used to construct a representation of a group ME to a
given group. It is proved by Furman [15] in the framework of higher rank lattices,
and plays a significant role to deduce ME and OE rigidity results in [6], [15], [16],
[27] and [37], etc. We provide a variant of this theorem to get a representation of a
group ME to a Baumslag-Solitar group, into R. We first review measure equivalence
and introduce terminology.
Definition 4.1 ([20, 0.5.E]). Two discrete groups Γ and Λ are said to be measure
equivalent (ME) if we have a standard Borel space (Σ,m) with a σ-finite positive
measure and a measure-preserving action of Γ× Λ on (Σ,m) such that there exist
Borel subsets X,Y ⊂ Σ satisfying m(X) <∞, m(Y ) <∞ and the equality
Σ =
⊔
γ∈Γ
(γ, e)Y =
⊔
λ∈Λ
(e, λ)X
up to m-null sets. The space (Σ,m) equipped with the action of Γ×Λ is then called
a (Γ,Λ)-coupling.
ME is an equivalence relation between discrete groups (see [15, Section 2]). It
is known that two discrete groups Γ and Λ are ME if and only if there exists an
ergodic f.f.m.p. action of Γ which is WOE to an ergodic f.f.m.p. action of Λ, as
discussed in [16, Section 3].
Let Γ and Λ be discrete groups, and let G be a standard Borel group. Given
homomorphisms π : Γ → G and ρ : Λ → G, we denote by (G, π, ρ) the Borel space
G equipped with the action of Γ× Λ on it defined by
(γ, λ)g = π(γ)gρ(λ)−1, g ∈ G, γ ∈ Γ, λ ∈ Λ.
Let Σ be a (Γ,Λ)-coupling, and let Φ: Σ→ S be a Borel map into a standard Borel
space S on which Γ × Λ acts. We say that Φ is almost (Γ × Λ)-equivariant if we
have the equality
Φ((γ, λ)x) = (γ, λ)Φ(x), ∀γ ∈ Γ, ∀λ ∈ Λ, a.e. x ∈ Σ.
For a (Γ,Λ)-coupling Σ, we denote by Σ ×Λ Σ the quotient space of Σ× Σ by the
diagonal action of Λ, which is a (Γ,Γ)-coupling. We refer to [6, Theorem 2.5] for
the proof of the following:
Theorem 4.2. Let Γ be a discrete group, G a standard Borel group and π : Γ→ G
a homomorphism. Let Λ be a discrete group, and let (Σ,m) be a (Γ,Λ)-coupling.
We set Ω = Σ×Λ Σ. Suppose that
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(a) the Dirac measure on the neutral element of G is the only probability mea-
sure on G invariant under conjugation by any element of π(Γ); and
(b) we have an almost (Γ× Γ)-equivariant Borel map from Ω into (G, π, π).
Then there exist a homomorphism ρ : Λ → G and an almost (Γ × Λ)-equivariant
Borel map Φ: Σ → (G, π, ρ). In addition, if kerπ is finite and there is a Borel
fundamental domain for the action of π(Γ) on G by left multiplication, then ρ can
be chosen so that ker ρ is finite.
We say that a measure-preserving action of a discrete group Γ on a probability
space (X,µ) is weakly mixing if the diagonal action of Γ on the product (X×X,µ×µ)
is ergodic. This condition is known to imply that for any ergodic measure-preserving
action of Γ on a probability space (Y, ν), the diagonal action of Γ on the product
(X × Y, µ× ν) is ergodic (see [46, Proposition 2.2]). We note that for any (Γ,Λ)-
coupling Σ, the action Γ×Γy Σ×ΛΣ is ergodic if and only if the action Λy Σ/Γ
is weakly mixing.
Theorem 4.3. Let Γ be a discrete group, G an abelian standard Borel group and
π : Γ→ G a homomorphism. Let Λ be a discrete group, and let (Σ,m) be a (Γ,Λ)-
coupling. We set Ω = Σ×Λ Σ. Suppose that
(1) the action Λy Σ/Γ is weakly mixing; and
(2) we have an almost (Γ× Γ)-equivariant Borel map from Ω into (G, π, π).
Then there exist a homomorphism ρ : Λ → G and an almost (Γ × Λ)-equivariant
Borel map Φ: Σ→ (G, π, ρ).
Proof. For (x, y) ∈ Σ × Σ, we denote by [x, y] ∈ Ω the equivalence class of (x, y).
Let Ψ: Ω→ (G, π, π) be an almost (Γ× Γ)-equivariant Borel map.
Claim 4.4. Define a Borel map H : Σ4 → G by
H(x, y, z, w) = Ψ([y, z])Ψ([x, z])−1Ψ([x,w])Ψ([y, w])−1
for (x, y, z, w) ∈ Σ4. Then H is essentially constant.
Proof. For any γ ∈ Γ, λ ∈ Λ and (x, y, z, w) ∈ Σ4, we have
H(x, y, z, w) = H(γx, y, z, w) = H(x, γy, z, w) = H(x, y, γz, w) = H(x, y, z, γw)
= H(λx, λy, λz, λw)
because G is abelian. It follows that H induces a Borel map H¯ : (Σ/Γ)4 → G which
is invariant under the diagonal action of Λ on (Σ/Γ)4. This action of Λ is ergodic
because the action Λy Σ/Γ is weakly mixing. The map H¯ is therefore essentially
constant, and so is H . 
Let g0 ∈ G denote the essential value of the map H . For z ∈ Σ, we define a
Borel map Fz : Σ
2 → G by
Fz(x, y) = Ψ([x, z])Ψ([y, z])
−1
for (x, y) ∈ Σ2. By Claim 4.4 and Fubini’s theorem, for a.e. x ∈ Σ and any λ ∈ Λ,
we have
Fz(x, y)
−1Fw(x, y) = g0 = Fz(λ
−1x, y)−1Fw(λ
−1x, y)
for a.e. (y, z, w) ∈ Σ3. For a.e. x ∈ Σ and any λ ∈ Λ, the equality
Fz(λ
−1x, y)Fz(x, y)
−1 = Ψ([λ−1x, z])Ψ([x, z])−1
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for any y ∈ Σ implies that the Borel map Σ ∋ z 7→ Ψ([λ−1x, z])Ψ([x, z])−1 ∈ G is
essentially constant. We define ρx(λ) ∈ G to be the essential value of this map. For
a.e. x ∈ Σ and any λ1, λ2 ∈ Λ, choosing some z ∈ Σ, we have
ρx(λ1λ
−1
2 ) = Ψ([λ2λ
−1
1 x, z])Ψ([x, z])
−1 = Ψ([λ−11 x, λ
−1
2 z])Ψ([x, z])
−1
= Ψ([λ−11 x, λ
−1
2 z])Ψ([x, λ
−1
2 z])
−1Ψ([x, λ−12 z])Ψ([λ
−1
2 x, λ
−1
2 z])
−1
= ρx(λ1)ρx(λ2)
−1.
For a.e. x ∈ Σ, the map ρx : Λ→ G is therefore a homomorphism. There exists an
element x0 of Σ such that ρx0 : Λ→ G is a homomorphism and we have the equality
ρx0(λ) = Ψ([λ
−1x0, x])Ψ([x0, x])
−1 for any λ ∈ Λ and a.e. x ∈ Σ. We define a Borel
map Φ: Σ → G by Φ(x) = Ψ([x0, x])−1 for x ∈ Σ. The map Φ: Σ → (G, π, ρ) is
then almost (Γ× Λ)-equivariant. 
5. Elliptic subgroupoids
We set Γ = BS(p, q) with 2 ≤ |p| ≤ |q|. Let T be the Bass-Serre tree associated
with Γ. Suppose that we have a measure-preserving action of Γ on a standard finite
measure space (X,µ). We set G = Γ ⋉ X and define a homomorphism ρ : G → Γ
by ρ(γ, x) = γ for (γ, x) ∈ G. Let A be a Borel subset of X with positive measure.
We say that a subgroupoid S of (G)A is elliptic if there exists an (S, ρ)-invariant
Borel map from A into V (T ).
For any v ∈ V (T ), the subgroupoid Γv ⋉ X of G is of infinite type, amenable
and quasi-normal in G because Γv is quasi-normal in Γ. Conversely, Theorem 5.1
below says that these algebraic properties imply ellipticity. Let us say that a discrete
measured groupoidH on a standard finite measure space (Y, ν) is nowhere amenable
if for any Borel subset B of Y with positive measure, (H)B is not amenable.
Theorem 5.1. We set Γ = BS(p, q) with 2 ≤ |p| ≤ |q|. Suppose that we have a
measure-preserving action of Γ on a standard finite measure space (X,µ), and set
G = Γ⋉X. Let A be a Borel subset of X with positive measure, and let S and T be
subgroupoids of (G)A such that we have S < T ; S is amenable and is quasi-normal
in T ; and T is nowhere amenable. Then S is elliptic.
Before proving this theorem, we prepare the following:
Notation 5.2. For a locally compact Polish spaceK, we denote byM(K) the space
of probability measures on K equipped with the weak* topology. Let Vf (T ) denote
the set of non-empty finite subsets of V (T ). Let S(T ) denote the set of simplices
of T . We have the Aut(T )-equivariant map C : Vf (T )→ S(T ) associating to each
element of Vf (T ) its barycenter (see [30, Section 4.2] for a precise definition). We
also have the Aut(T )-equivariant Borel map M : M(V (T ))→ Vf (T ) associating to
each ν ∈ M(V (T )) the set of all elements of V (T ) attaining the maximal value of
the function ν on V (T ). We set
δT = { (x, y, z) ∈ (∂T )3 | x 6= y 6= z 6= x },
where Γ acts by the formula γ(x, y, z) = (γx, γy, γz) for γ ∈ Γ and (x, y, z) ∈ δT .
We define a Γ-equivariant Borel map G : δT → V (T ) so that for each (x, y, z) ∈ δT ,
G(x, y, z) is the intersection of the three geodesics in T joining two of x, y and z.
We define ∂2T as the quotient of ∂T × ∂T by the action of the symmetric group of
two letters that exchanges the coordinates.
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Proof of Theorem 5.1. This proof is similar to the proof of [30, Lemmas 4.2, 4.4
and 4.5] except for using quasi-normality in place of normality. The argument in
[30] partially depends on the proof of [2, Lemma 3.2] (see also [24, Chapter 2]). Let
ρ : G → Γ be the homomorphism defined by ρ(γ, x) = γ for (γ, x) ∈ G. For a Borel
subset B of A with positive measure, we define IB as the set of all (S, ρ)-invariant
Borel maps from B into V (T ). It is enough to deduce a contradiction under the
assumption that there exists a Borel subset B of A with positive measure such
that for any Borel subset B1 of B with positive measure, IB1 is empty. Since S is
amenable, there exists an (S, ρ)-invariant Borel map from A into M(∂T ).
Lemma 5.3. Let B1 be a Borel subset of B with positive measure, and let ϕ : B1 →
M(∂T ) be an (S, ρ)-invariant Borel map. Then for a.e. x ∈ B1, the measure ϕ(x)
is supported on at most two points of ∂T .
Proof. If the lemma were not true, then there would exist a Borel subset B2 of
B1 with positive measure such that for a.e. x ∈ B2, the restriction of the measure
ϕ(x)3 on (∂T )3 to δT is non-zero. Composing the map assigning to each x ∈ B2 the
normalization of the restriction of ϕ(x)3 to δT , we obtain an (S, ρ)-invariant Borel
map from B2 into M(δT ). Composing the maps G, M and C, we obtain an (S, ρ)-
invariant Borel map from B2 into S(T ). We also obtain an (S, ρ)-invariant Borel
map from B2 into V (T ) because Γ acts on T without inversions. This contradicts
our assumption that IB2 is empty. 
Lemma 5.3 implies that any (S, ρ)-invariant Borel map ϕ : B →M(∂T ) induces
an (S, ρ)-invariant Borel map from B into ∂2T . We define J as the set of all (S, ρ)-
invariant Borel maps from B into ∂2T , which is non-empty. For each ϕ ∈ J , we
set
Sϕ = { x ∈ B | |supp(ϕ(x))| = 2 },
where supp(ν) denotes the support of a measure ν. There exists an element ϕ0 of
J with µ(Sϕ0) = supϕ∈J µ(Sϕ).
Lemma 5.4. In the above notation, let B1 be a Borel subset of B with positive
measure. Let S0 be a subgroupoid of (S)B1 with [(S)B1 : S0]x <∞ for a.e. x ∈ B1.
Then for any (S0, ρ)-invariant Borel map ϕ : B1 → ∂2T , we have ϕ(x) ⊂ ϕ0(x) for
a.e. x ∈ B1.
Proof. We naturally identify ∂2T with a subset of F(∂T ), the space of non-empty
finite subsets of ∂T . Let ϕ : B1 → ∂2T be an (S0, ρ)-invariant Borel map. By
Lemma 3.8, there exists an (S, ρ)-invariant Borel map Φ: B1 → F(∂T ) such that
ϕ(x) ⊂ Φ(x) for a.e. x ∈ B1. Since each element of F(∂T ) naturally associates
a probability measure on ∂T , applying Lemma 5.3, we have Φ(x) ∈ ∂2T for a.e.
x ∈ B1. By the maximality of µ(Sϕ0), we have Φ(x) ⊂ ϕ0(x) for a.e. x ∈ B1. It
thus turns out that ϕ(x) ⊂ ϕ0(x) for a.e. x ∈ B1. The lemma is proved. 
We claim that the map ϕ0 is (T , ρ)-invariant. Pick ψ ∈ QN(T )B ((S)B). It suffices
to show that for a.e. x ∈ Dψ, we have the equality ρ(ψ(x))ϕ0(x) = ϕ0(r ◦ ψ(x)).
We define a Borel map χ : Dψ → ∂2T by χ(x) = ρ(ψ(x))−1ϕ0(r ◦ψ(x)) for x ∈ Dψ.
For a.e. g ∈ (S)Dψ ∩ U
−1
ψ ((S)Rψ ) with x = s(g) and y = r(g), we have
ρ(g)χ(x) = ρ(ψ(y))−1ρ(ψ(y)gψ(x)−1)ϕ0(r ◦ψ(x)) = ρ(ψ(y))
−1ϕ0(r ◦ψ(y)) = χ(y),
20 YOSHIKATA KIDA
where the second equality holds because Uψ(g) = ψ(y)gψ(x)
−1 belongs to S. Since
ψ is in QN(T )B ((S)B), we have [(S)Dψ : (S)Dψ∩U
−1
ψ ((S)Rψ )]x <∞ for a.e. x ∈ Dψ.
By Lemma 5.4, the inclusion χ(x) ⊂ ϕ0(x) holds for a.e. x ∈ Dψ.
Let ζ ∈ QN(T )B ((S)B) be the inverse of ψ. We next define a Borel map ω : Dζ →
∂2T by ω(y) = ρ(ζ(y))
−1ϕ0(r◦ζ(y)) for y ∈ Dζ. The argument in the last paragraph
implies the inclusion ω(y) ⊂ ϕ0(y) for a.e. y ∈ Dζ . For a.e. x ∈ Dψ, we have
χ(x) = ρ(ψ(x))−1ϕ0(r ◦ ψ(x)) ⊂ ϕ0(x) = ρ(ψ(x))
−1ω(r ◦ ψ(x))
⊂ ρ(ψ(x))−1ϕ0(r ◦ ψ(x)) = χ(x)
and thus χ(x) = ϕ0(x). The claim is proved.
The action of Γ on ∂2T is amenable in a measure-theoretic sense by [30, Corollary
3.4]. The existence of the (T , ρ)-invariant Borel map ϕ0 : B → ∂2T therefore implies
that (T )B is amenable by [30, Proposition 2.5]. This is a contradiction because T
is nowhere amenable. 
In the following theorem, we obtain a result similar to Theorem 5.1 for a discrete
group having an infinite amenable normal subgroup with the quotient hyperbolic.
Theorem 5.5. Let ∆ be a discrete group, and let N be an infinite, amenable and
normal subgroup of ∆ such that ∆/N is non-elementarily hyperbolic. Suppose that
we have a measure-preserving action of ∆ on a standard finite measure space (X,µ).
We set G = ∆ ⋉ X. Let A be a Borel subset of X with positive measure, and let
S and T be subgroupoids of (G)A such that we have S < T ; S is amenable and is
quasi-normal in T ; and T is nowhere amenable.
Then there exist a countable Borel partition A =
⊔
nAn and a subgroup Ln of ∆
such that for each n, we have N < Ln, [Ln : N ] <∞ and (S)An < (Ln ⋉X)An .
Proof. The proof is essentially the same as that of Theorem 5.1. We put Q = ∆/N
and denote by ∂Q the boundary of Q as a hyperbolic metric space. Let Q act on
itself by left multiplication. This action of Q extends to a continuous action on the
compactification Q∪ ∂Q of Q. As before, for a locally compact Polish space K, we
denote by M(K) the space of probability measures on K equipped with the weak*
topology. Let Qf denote the set of non-empty finite subsets of Q. We have the
Q-equivariant Borel map M : M(Q)→ Qf associating to each ν ∈M(Q) the set of
all elements of Q attaining the maximal value of the function ν on Q. We set
δQ = { (x, y, z) ∈ (∂Q)3 | x 6= y 6= z 6= x },
where Q acts by the formula γ(x, y, z) = (γx, γy, γz) for γ ∈ Q and (x, y, z) ∈ δQ.
The set δQ is non-empty because Q is non-elementary. In [1, Definition 6.6], Adams
constructs a Q-equivariant Borel map MS : δQ → Qf , using hyperbolicity of Q.
We define ∂2Q as the quotient of ∂Q × ∂Q by the action of the symmetric group
of two letters that exchanges the coordinates.
Let ρ : G → Q be the composition of the projection from G onto ∆ with the
quotient map from ∆ onto Q. For a Borel subset B of A with positive measure,
we define IB as the set of all (S, ρ)-invariant Borel maps from B into Qf . Assume
that there is a Borel subset B of A with positive measure such that for any Borel
subset B1 of B with positive measure, IB1 is empty. Along the proof of Theorem
5.1, we can deduce a contradiction, using the fact that the action of Q on ∂2Q is
amenable in a measure-theoretic sense, proved in [1, Theorem 5.1]. It follows that
IA is non-empty, that is, there exists an (S, ρ)-invariant Borel map ψ : A → Qf .
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Take a countable Borel partition A =
⊔
nAn such that for each n, the map ψ
is constant on An. Since the stabilizer of each element of Qf in Q is finite, for
each n, there exists a subgroup Ln of ∆ such that N < Ln, [Ln : N ] < ∞ and
(S)An < (Ln ⋉X)An . 
6. The modular cocycles
Given a finite-measure-preserving, discrete measured groupoid G and its quasi-
normal subgroupoid S, we introduce the modular cocycle of Radon-Nikodym type
and the local-index cocycle in Sections 6.1 and 6.2, respectively. They are defined
by measuring a difference between S and its conjugate by an element of QNG(S).
In Section 6.3, these two cocycles are computed when G and S are associated with
an action of a Baumslag-Solitar group and its restriction to an elliptic subgroup.
6.1. The modular cocycle of Radon-Nikodym type. In this subsection, unless
otherwise stated, let G be a measure-preserving, discrete measured groupoid on a
standard finite measure space (X,µ). Let S be a quasi-normal subgroupoid of G.
Fix φ ∈ QNG(S) with µ(Dφ) > 0. We first define D(φ, x) ∈ R
×
+ for x ∈ Dφ. We
will define D : G → R×+, called the modular cocycle of Radon-Nikodym type for G
and S, so that D(φ(x)) = D(φ, x) for a.e. x ∈ Dφ.
We put D = Dφ, R = Rφ and U = Uφ. We also put
S− = (S)D ∩ U
−1((S)R), S+ = (S)R ∩ U((S)D).
The restriction of U is an isomorphism from S− onto S+. Unless there is a confusion,
for each x ∈ D, we write U(x) = r◦φ(x) ∈ R. Let π : (X,µ)→ (Z, ξ) be the ergodic
decomposition for S. Let µ =
∫
Z
µzdξ(z) be the disintegration with respect to π.
For z ∈ Z, we put Xz = π−1(z). Let
π− : (D,µ|D)→ (Z−, ξ−) and π+ : (R, µ|R)→ (Z+, ξ+)
be the ergodic decompositions for S− and S+, respectively, with (π−)∗(µ|D) = ξ−
and (π+)∗(µ|R) = ξ+. For z ∈ Z−, we put Dz = π
−1
− (z), and for w ∈ Z+, we put
Rw = π
−1
+ (w). Let Y− and Y+ be the Borel subsets of Z with SD = π
−1(Y−) and
SR = π−1(Y+). We define πD : D → Y− and πR : R → Y+ as the restrictions of π.
We set η− = (πD)∗(µ|D) and η+ = (πR)∗(µ|R). Let σ− : Z− → Y− and σ+ : Z+ →
Y+ be the canonical Borel maps such that the following diagrams commute:
(D,µ|D)
pi−
yyrr
rr
rr
rr
rr piD
%%▲
▲▲
▲▲
▲▲
▲▲
▲
(Z−, ξ−)
σ−
// (Y−, η−)
(R, µ|R)
pi+
yyrr
rr
rr
rr
rr piR
%%▲
▲▲
▲▲
▲▲
▲▲
▲
(Z+, ξ+)
σ+
// (Y+, η+)
For y ∈ Y−, we put (Z−)y = σ
−1
− (y), and for y ∈ Y+, we put (Z+)y = σ
−1
+ (y).
The map πD is the ergodic decomposition for (S)D. We have the disintegration
µ|D =
∫
Y−
µy(D ∩Xy)
−1µy|D dη−(y)
with respect to πD because the equality η− = χξ|Y− holds, where χ is the Borel
function on Y− defined by χ(y) = µy(D ∩Xy) for y ∈ Y−. Applying Lemma 3.9 to
(S)D and S−, we may assume that for a.e. y ∈ Y−, the set (Z−)y is finite. Applying
Lemma 3.10 to πD, π− and σ−, we see that for a.e. z ∈ Z−, the restriction µσ−(z)|Dz
is a constant multiple of the ergodic measure for (S−)z.
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In the same manner, we may assume that for a.e. y ∈ Y+, the set (Z+)y is finite,
and we see that for a.e. z ∈ Z+, the restriction µσ+(z)|Rz is a constant multiple of
the ergodic measure for (S+)z . Since U is an isomorphism from S− onto S+, for
a.e. x ∈ D, the two measures on the set U(Dpi−(x)) = Rpi+(U(x)),
U∗(µpi(x)|Dpi−(x)) and µpi(U(x))|Rpi+(U(x)) ,
are a constant multiple of each other. We define a numberD(φ, x) = D(G,S, φ, x) ∈
R
×
+ by the equality
U∗(µpi(x)|Dpi−(x)) = D(φ, x)µpi(U(x))|Rpi+(U(x)) .
Lemma 6.1. If A is a Borel subset of D with µ(A) > 0, then we have the equality
D(φ|A, x) = D(φ, x) for a.e. x ∈ A.
Proof. LetW− be the Borel subset of Z− with π
−1
− (W−) = S−A. The map ρ− : A→
W− defined as the restriction of π− is the ergodic decomposition for (S−)A. Putting
B = U(A), we define W+ and ρ+ : B → W+ similarly. For a.e. x ∈ A, restricting
the equality in the definition of D(φ, x) to B, we obtain the equality
U∗(µpi(x)|Dpi−(x)∩A) = D(φ, x)µpi(U(x))|Rpi+(U(x))∩B.
Putting Az = ρ
−1
− (z) for z ∈W− and Bw = ρ
−1
+ (w) for w ∈W+, we have Dpi−(x) ∩
A = Aρ−(x) and Rpi+(U(x)) ∩B = Bρ+(U(x)) for a.e. x ∈ A. The lemma follows. 
We define a Borel function D = D(G,S) : G → R×+ as follows. Pick a countable
family Φ of elements of QNG(S) such that µ(Dφ) > 0 for any φ ∈ Φ and the
equality G =
⊔
φ∈Φ φ(Dφ) holds. For g ∈ G, choose φ ∈ Φ with g ∈ φ(Dφ), and
set D(g) = D(φ, s(g)). This definition of D does not depend on the choice of Φ by
Lemma 6.1. We call D the modular cocycle of Radon-Nikodym type for G and S.
Lemma 6.2. The function D : G → R×+ defined above is a Borel cocycle, that is, it
preserves products.
Proof. Pick φ, ψ ∈ QNG(S) and put η = ψ • φ, D = Dη, R = Rη and U = Uη. We
assume µ(D) > 0 and the equality Dψ = Rφ = Uφ(D). Put L = Uφ(D) and
S− = (S)D ∩ U
−1((S)R), S
′
− = (S)D ∩ U
−1
φ ((S)L), S
′′
− = (S)L ∩ U
−1
ψ ((S)R).
For a.e. x ∈ D, since [(S)D : S−]x is finite, the set D ∩ Xpi(x) is decomposed into
finitely many ergodic components for S− by Lemma 3.9. Similarly, for a.e. x ∈ D,
since [(S)D : S ′−]x is finite, the set D ∩ Xpi(x) is decomposed into finitely many
ergodic components for S ′−. Let Z1 be the Borel subset of Z with SD = π
−1(Z1).
For a.e. z ∈ Z1, pick ergodic components D− and D′− for S− and S
′
−, respectively,
with D−, D
′
− ⊂ Xz and µz(D− ∩D
′
−) > 0. For µz-a.e. x ∈ D
′
−, the equality
(Uφ)∗(µpi(x)|D′−) = D(φ, x)µpi(Uφ(x))|Uφ(D′−)
holds by the definition of D(φ, x).
For a.e. y ∈ L, since [(S)L : S ′′−]y is finite, the set L ∩Xpi(y) is decomposed into
finitely many ergodic components for S ′′−. Let D
′′
− be an ergodic component for S
′′
−
with µz′(Uφ(D− ∩D′−) ∩D
′′
−) > 0, where z
′ is the point of Z with Uφ(D
′
−) ⊂ Xz′ .
Such z′ exists because we have Uφ(S ′−) ⊂ (S)L. For µz′-a.e. y ∈ D
′′
−, the equality
(Uψ)∗(µpi(y)|D′′−) = D(ψ, y)µpi(Uψ(y))|Uψ(D′′−)
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holds by the definition of D(ψ, y). Combining the above two equalities, we obtain
D(η, x) = D(ψ,Uφ(x))D(φ, x) for µz-a.e. x ∈ U
−1
φ (Uφ(D− ∩D
′
−) ∩D
′′
−). 
The following two lemmas will be used to compute the cocycle D.
Lemma 6.3. Let S and T be subgroupoids of G such that S < T ; [T : S]x <
∞ for a.e. x ∈ X; and T is quasi-normal in G. We set DS = D(G,S) and
DT = D(G, T ). Then there exists a Borel map ψ : X → R
×
+ with the equality
DS(g) = ψ(r(g))DT (g)ψ(s(g))
−1 for a.e. g ∈ G.
Proof. Note that by Lemma 3.19, S is quasi-normal in G. Let π : (X,µ) → (Z, ξ)
and θ : (X,µ) → (W,ω) be the ergodic decompositions for S and T , respectively.
Let µ =
∫
Z
µzdξ(z) and µ =
∫
W
νwdω(w) be the disintegrations with respect to
π and θ, respectively. We have the canonical Borel map τ : (Z, ξ) → (W,ω) with
θ = τ ◦π. Pick an element φ of the set QNG(T ) = QNG(S) with µ(Dφ) > 0. We put
D = Dφ, R = Rφ and U = Uφ, and define S−, S+, π− and π+ as in the definition
of D(G,S). Similarly, we set
T− = (T )D ∩ U
−1((T )R), T+ = (T )R ∩ U((T )D).
Let θ− : (D,µ|D) → (W−, ω−) and θ+ : (R, µ|R) → (W+, ω+) denote the ergodic
decompositions for T− and T+, respectively.
Since we have [T : S]x < ∞ for a.e. x ∈ X , the set τ−1(w) is finite for a.e.
w ∈ W by Lemma 3.9. We define a Borel map ψ : X → R×+ by ψ(x) = νθ(x)(Xpi(x))
for x ∈ X . Applying Lemma 3.10 to θ, π and τ , we have the equality νθ(x)|Xpi(x) =
ψ(x)µpi(x) for a.e. x ∈ X . Combining the two equalities
U∗(µpi(x)|Dpi−(x)) = DS(φ, x)µpi(U(x))|Rpi+(U(x)) ,
U∗(νθ(x)|Dθ−(x)) = DT (φ, x)νθ(U(x))|Rθ+(U(x))
defining DS(φ, x) and DT (φ, x), we obtain the equality in the lemma. 
Lemma 6.4. Let A be a Borel subset of X with µ(A) > 0. We put D = D(G,S)
and DA = D((G)A, (S)A). Then there exists a Borel map ψ : A → R
×
+ with the
equality DA(g) = ψ(r(g))D(g)ψ(s(g))
−1 for a.e. g ∈ (G)A.
Proof. We use the same notation as in the beginning of this subsection to define
D(φ, x) for x ∈ D. Fix φ ∈ QNG(S) with µ(Dφ) > 0. Put D = Dφ and R = Rφ.
We assume D ⊂ A and R ⊂ A. Put ν = µ|A. Let θ : (A, ν)→ (W,ω) be the ergodic
decomposition for (S)A with θ∗ν = ω. Let ν =
∫
W
νwdω(w) be the disintegration
with respect to θ. To define the number DA(φ, x) = D((G)A, (S)A, φ, x), we use θ
and {νw}w in place of π and {µz}z, and use the same S−, S+, π− and π+ because
we have D ⊂ A and R ⊂ A. For a.e. x ∈ D, we thus have the equality
U∗(νθ(x)|Dpi−(x)) = DA(φ, x)νθ(U(x))|Rpi+(U(x)) .
Let Z0 be the Borel subset of Z with π
−1(Z0) = SA. Let α : W → Z0 be the Borel
isomorphism with π = α ◦ θ on A. We have the disintegration
ν =
∫
W
µα(w)(A ∩Xα(w))
−1µα(w)|A dω(w)
with respect to θ because the equality α∗ω = χξ|Z0 holds, where χ is the Borel
function on Z0 defined by χ(z) = µz(A ∩ Xz) for z ∈ Z0. For a.e. w ∈ W , we
have µα(w)|A = µα(w)(A ∩ Xα(w))νw by uniqueness of disintegration. We define a
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Borel map ψ : A→ R×+ by ψ(x) = µpi(x)(A ∩Xpi(x)) for x ∈ A. Combining the two
equalities defining D(φ, x) and DA(φ, x), we obtain the equality in the lemma. 
6.2. The local-index cocycle. We fix a standard finite measure space (X,µ) and
a measure-preserving, discrete measured groupoid G on (X,µ). Let S be a quasi-
normal subgroupoid of G. We define a Borel function I = I(G,S) : G → R×+ as
follows. Pick a countable family Φ of elements of QNG(S) such that µ(Dφ) > 0 for
any φ ∈ Φ and the equality G =
⊔
φ∈Φ φ(Dφ) holds. For φ ∈ Φ, we put
S− = (S)Dφ ∩ U
−1
φ ((S)Rφ ), S+ = (S)Rφ ∩ Uφ((S)Dφ ).
For g ∈ G, choosing φ ∈ Φ with g ∈ φ(Dφ), we define the number I(g) ∈ R
×
+ by
I(g) = [[(S)Rφ : S+]]r(g)[[(S)Dφ : S−]]
−1
s(g)
= [[(S)Rφ : S+]]r(g)[[Uφ((S)Dφ ) : S+]]
−1
r(g).
By Lemma 3.13, this definition of I does not depend on the choice of Φ. We call I
the local-index cocycle for G and S.
Lemma 6.5. The function I : G → R×+ defined above is a Borel cocycle, that is, it
preserves products.
Proof. For each φ ∈ QNG(S), we set S
φ = Uφ((S)Dφ ). Pick two elements φ, ψ of
QNG(S), and put η = ψ • φ, D = Dη and R = Rη. We assume µ(D) > 0 and the
equalities D = Dφ and R = Rψ. For a.e. x ∈ D, putting y = r ◦ η(x), we obtain
the equality
I(ψ, r ◦ φ(x)) =
[[(S)R : (S)R ∩ Sψ ]]y
[[Sψ : (S)R ∩ Sψ ]]y
=
[[(S)R : (S)R ∩ Sψ ∩ Sη]]y
[[Sψ : (S)R ∩ Sψ ∩ Sη]]y
,
where we apply Lemma 3.12 to the second equality. Applying the same lemma, we
also obtain the equality
I(φ, x) =
[[Sψ : Sψ ∩ Sη]]y
[[Sη : Sψ ∩ Sη]]y
=
[[Sψ : (S)R ∩ Sψ ∩ Sη]]y
[[Sη : (S)R ∩ Sψ ∩ Sη]]y
for a.e. x ∈ D with y = r ◦ η(x). Combining these two equalities, we have
I(ψ, r ◦ φ(x))I(φ, x) =
[[(S)R : (S)R ∩ Sψ ∩ Sη]]y
[[Sη : (S)R ∩ Sψ ∩ Sη]]y
=
[[(S)R : (S)R ∩ Sη]]y
[[Sη : (S)R ∩ Sη]]y
= I(η, x)
for a.e. x ∈ D with y = r ◦ η(x). The function I is therefore a Borel cocycle. 
Lemma 6.6. The following assertions hold:
(i) Let A be a Borel subset of X with µ(A) > 0. We put IA = I((G)A, (S)A).
Then the equality IA(g) = I(g) holds for a.e. g ∈ (G)A.
(ii) Let T be a subgroupoid of G such that S < T ; [T : S]x <∞ for a.e. x ∈ X;
and T is quasi-normal in G. We set IT = I(G, T ). Then there exists a
Borel map ψ : X → R×+ with the equality IT (g) = ψ(r(g))I(g)ψ(s(g))
−1
for a.e. g ∈ G.
Proof. Assertion (i) follows from Lemma 3.13. We prove assertion (ii). We pick
an element φ of the set QNG(T ) = QNG(S) with µ(Dφ) > 0. Put D = Dφ and
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R = Rφ. Define a Borel map ψ : X → R
×
+ by ψ(x) = [[T : S]]x for x ∈ X . For a.e.
x ∈ D, putting y = r ◦ φ(x), we obtain the equality
IT (φ(x)) =
[[(T )R : (T )R ∩ T φ]]y
[[T φ : (T )R ∩ T φ]]y
=
[[(T )R : (S)R ∩ Sφ]]y
[[T φ : (S)R ∩ Sφ]]y
=
[[(T )R : (S)R]]y
[[T φ : Sφ]]y
[[(S)R : (S)R ∩ Sφ]]y
[[Sφ : (S)R ∩ Sφ]]y
= ψ(y)I(φ(x))ψ(x)−1 ,
where we apply Lemma 3.12 to the second and third equalities, and apply Lemma
3.13 to the fourth equality. Assertion (ii) follows. 
6.3. Computation. For a finite-measure-preserving action of a Baumslag-Solitar
group Γ, we show relationship between the modular homomorphism m : Γ → R×+
and the cocycles D and I for the groupoid associated with the action of Γ and its
elliptic subgroupoid.
Lemma 6.7. Let Γ be a discrete group, and let N be a quasi-normal subgroup of
Γ. Suppose that we have a measure-preserving action of Γ on a standard finite
measure space (X,µ). We set G = Γ⋉X and N = N ⋉X, and set D = D(G,N )
and I = I(G,N ). For any γ ∈ Γ, if both N ∩ γNγ−1 and N ∩ γ−1Nγ are normal
subgroups of N , then for a.e. x ∈ X, we have the equality
D(γ, x)I(γ, x) = [N : N ∩ γNγ−1][N : N ∩ γ−1Nγ]−1.
Proof. Fix γ ∈ Γ and define φ : X → G by φ(x) = (γ, x) for x ∈ X . We then
have φ ∈ QNG(N ). Let π : (X,µ) → (Z, ξ) be the ergodic decomposition for N
with π∗µ = ξ. Let µ =
∫
Z
µzdξ(z) be the disintegration with respect to π. We
set N− = N ∩ γ−1Nγ and N+ = N ∩ γNγ−1. Similarly, we set N− = N− ⋉ X
and N+ = N+ ⋉X . Let π− : (X,µ)→ (Z−, ξ−) and π+ : (X,µ)→ (Z+, ξ+) be the
ergodic decompositions for N− and N+, respectively. We have the canonical Borel
maps σ− : (Z−, ξ−)→ (Z, ξ) and σ+ : (Z+, ξ+)→ (Z, ξ) with π = σ−◦π− = σ+◦π+.
The group N transitively acts on σ−1− (π(x)) and on σ
−1
+ (π(y)) for a.e. x ∈ X and
a.e. y ∈ X because N− and N+ are normal subgroups of N . By Lemma 3.14, the
equalities
[[N : N−]]x =
[N : N−]
|σ−1− (π(x))|
, [[N : N+]]y =
[N : N+]
|σ−1+ (π(y))|
hold for a.e. x ∈ X and a.e. y ∈ X . On the other hand, we have
µpi(x)(π
−1
− (π−(x))) = |σ
−1
− (π(x))|
−1, µpi(y)(π
−1
+ (π+(y))) = |σ
−1
+ (π(y))|
−1
for a.e. x ∈ X and a.e. y ∈ X . The equality D(γ, x)I(γ, x) = [N : N+][N : N−]−1
thus holds for a.e. x ∈ X . 
Corollary 6.8. We set Γ = BS(p, q) with 2 ≤ |p| ≤ |q| and denote by m : Γ→ R×+
the modular homomorphism. Let E be an infinite elliptic subgroup of Γ. Suppose
that we have a measure-preserving action of Γ on a standard finite measure space
(X,µ). We set G = Γ⋉X and E = E ⋉X, and set D = D(G, E) and I = I(G, E).
Then we have the equality D(γ, x)I(γ, x) = m(γ) for any γ ∈ Γ and a.e. x ∈ X.
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7. The Mackey range of the modular cocycle
Fundamental ideas of the Mackey range of a cocycle are discussed in [35, Section
6] and [43, Section 7], where it is called the “range closure” of the cocycle. Let G
be a discrete measured groupoid on a standard finite measure space (X,µ). Let H
be a locally compact second countable group and τ : G → H a Borel cocycle. We
define the Mackey range of τ as follows. Define a discrete measured equivalence
relation R on X ×H by
R = { ((r(g), τ(g)h), (s(g), h)) ∈ (X ×H)2 | g ∈ G, h ∈ H }.
Let Z denote the space of ergodic components for R. The action of H on X ×H
defined by h(x, h′) = (x, h′h−1) for x ∈ X and h, h′ ∈ H induces an action of H on
Z. This action H y Z is called the Mackey range of τ . We can check the following
two lemmas that are basic facts on Mackey ranges.
Lemma 7.1. In the above notation, let A be a Borel subset of X with GA = X.
We denote by H y ZA the Mackey range of the restriction of τ to (G)A. Then the
inclusion of A × H into X × H induces an isomorphism between the two actions
H y ZA and H y Z. Namely, it induces a measure space isomorphism η : ZA → Z
such that for any h ∈ H, we have η(hz) = hη(z) for a.e. z ∈ ZA.
Lemma 7.2. In the above notation, the following assertions hold:
(i) Let f be a Borel automorphism of G. Define a Borel cocycle τf : G → H by
τf = τ ◦f . Then the automorphism of X×H sending (x, h) to (f−1(x), h)
for x ∈ X and h ∈ H induces an isomorphism between the Mackey ranges
of τ and τf .
(ii) Let ϕ : X → H be a Borel map. Define a Borel cocycle τϕ : G → H by
τϕ(g) = ϕ(r(g))τ(g)ϕ(s(g))
−1 for g ∈ G. Then the automorphism of X×H
sending (x, h) to (x, ϕ(x)h) for x ∈ X and h ∈ H induces an isomorphism
between the Mackey ranges of τ and τϕ.
In the rest of this section, we set Γ = BS(p, q) and Λ = BS(r, s) with 2 ≤ |p| ≤ |q|
and 2 ≤ |r| ≤ |s|, unless otherwise mentioned. Let m : Γ → R×+ and n : Λ → R
×
+
denote the modular homomorphisms.
Theorem 7.3. Let (Σ,m) be a (Γ,Λ)-coupling. Then there exists an almost (Γ×Λ)-
equivariant Borel map Φ: Σ→ (R, log ◦m, log ◦n).
Proof. Wemay assume that the action of Γ×Λ on (Σ,m) is ergodic by [14, Corollary
3.6]. Let X,Y ⊂ Σ be fundamental domains for the actions of Λ and Γ on Σ,
respectively. Putting Z = X ∩ Y , we may assume that Z has positive measure.
Let α : Γ × X → Λ be the ME cocycle associated to X , defined by the condition
(γ, α(γ, x))x ∈ X for γ ∈ Γ and x ∈ X . Since X is identified with Σ/({e} × Λ),
we have an ergodic measure-preserving action Γ y X , where X is equipped with
the finite measure that is the restriction of m. To distinguish this action from the
original action on Σ, we use a dot for the new action, that is, we denote (γ, α(γ, x))x
by γ · x. Similarly, we have an ergodic measure-preserving action Λy Y and use a
dot for this action. We set G = Γ⋉X and H = Λ⋉ Y . The map f : (G)Z → (H)Z
defined by f(γ, x) = (α(γ, x), x) for (γ, x) ∈ (G)Z is then an isomorphism. Let TΓ
and TΛ denote the Bass-Serre trees associated to Γ and Λ, respectively. For a vertex
u of TΓ, we set Gu = Γu ⋉X . Similarly, for a vertex v of TΛ, we set Hv = Λv ⋉ Y .
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We fix a vertex u of TΓ. By Theorem 5.1, f((Gu)Z) is an elliptic subgroupoid
of (H)Z . It follows that there exist a Borel subset Z1 of Z with positive measure
and a vertex v of TΛ with f((Gu)Z1) < (Hv)Z1 . Repeating this argument for f
−1
and Hv, we find a Borel subset A of Z1 with positive measure and a vertex u′ of
TΓ with (Hv)A < f((Gu′)A). Putting E = f
−1((Hv)A), we have
((Γu ∩ Γu′)⋉X)A < E < (Γu′ ⋉X)A.
We put DΓ = D((G)A, E) and IΓ = I((G)A, E). Let ρ : G → Γ be the projection.
Since Γu ∩ Γu′ is a finite index subgroup of Γu′ , by Lemmas 6.3, 6.4 and 6.6 and
Corollary 6.8, there exists a Borel map ϕ0 : A→ R
×
+ such that
DΓ(g)IΓ(g) = ϕ0(rG(g))m ◦ ρ(g)ϕ0(sG(g))
−1
for a.e. g ∈ (G)A, where rG , sG : G → X denote the range and source maps of G,
respectively. Put DΛ = D((H)A, (Hv)A) and IΛ = I((H)A, (Hv)A). Let σ : H → Λ
be the projection. A similar property also holds for these maps. On the other hand,
the equality f(E) = (Hv)A implies that DΛ ◦ f = DΓ and IΛ ◦ f = IΓ. It follows
that there exists a Borel map ϕ : A→ R×+ such that
ϕ(rG(g))m ◦ ρ(g)ϕ(sG(g))
−1 = n ◦ σ ◦ f(g)
for a.e. g ∈ (G)A. We thus have the equality
(∗) ϕ(γ · x)m(γ)ϕ(x)−1 = n ◦ α(γ, x)
for any γ ∈ Γ and a.e. x ∈ A with γ · x ∈ A. We define a Borel map Φ: Σ→ R by
Φ((γ, λ)x) = log(m(γ)ϕ(x)−1n(λ)−1)
for x ∈ A, γ ∈ Γ and λ ∈ Λ. Using equation (∗), we can show that Φ is well-defined
and is a desired map, along the argument in the proof of [29, Theorem 4.4]. 
Theorem 1.2 is obtained by combining Lemma 7.1, Lemma 7.2 and equation (∗).
Remark 7.4. Let Γy (X,µ) be an ergodic measure-preserving action on a standard
finite measure space, and call it α. We denote by π : (X,µ) → (Z, ξ) the ergodic
decomposition for the action of kerm on (X,µ). We have the canonical action of
m(Γ) on (Z, ξ) and the action of log ◦m(Γ) on it through the isomorphism log : R×+ →
R. The flow associated with α, introduced in Section 1, is defined as the action of R
induced from the action of log ◦m(Γ) on (Z, ξ). If |p| = |q|, then the flow associated
with α is isomorphic to the action of R on itself by addition because m is trivial. If
|p| < |q|, then we have the following two cases:
• If there exists a positive integer n such that up to null sets, Z consists of
n points each of whose measure is ξ(Z)/n, then the flow associated with
α is isomorphic to the action of R on R/(− log |p/q|n)Z by addition.
• If Z contains no point whose measure is positive, then the flow associated
with α is finite-measure-preserving and any orbit of it is of measure zero.
Following terminology for transformations of type III (see Section B), in the first
case, we say that the action Γ y (X,µ) is of type |p/q|n. In the second case, we
say that the action Γy (X,µ) is of type 0.
Corollary 7.5. Assume |p| < |q| and |r| < |s|. If Γ and Λ are ME, then kerm and
kern are ME.
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Proof. We may assume |q/p| ≤ |s/r|. Let Σ be a (Γ,Λ)-coupling. There exists an
almost (Γ × Λ)-equivariant Borel map Φ: Σ → (R, log ◦m, log ◦n) by Theorem 7.3.
We set U = { u ∈ R | 0 ≤ u < log |q/p| }, which is a fundamental domain for the
action of log ◦m(Γ) on R and is contained in that for the action of log ◦n(Λ) on R.
The set Φ−1(U) then has positive measure and is a (kerm, kern)-coupling. 
For discrete groups G and H , two measure-preserving actions G y (Z, ξ) and
H y (W,ω) on measure spaces are called conjugate if there exist an isomorphism
F : G→ H and a measurable isomorphism f from a conull measurable subset of Z
onto a conull measurable subset of W such that f∗ξ and ω are equivalent and for
any g ∈ G, we have f(gz) = F (g)f(z) for a.e. z ∈ Z.
Corollary 7.6. Assume |p/q| = |r/s|. Let Γ y (X,µ) and Λ y (Y, ν) be ergodic
f.f.m.p. actions. Let π : (X,µ) → (Z, ξ) and θ : (Y, ν) → (W,ω) be the ergodic
decompositions for the actions kerm y (X,µ) and ker n y (Y, ν), respectively.
If the actions Γ y (X,µ) and Λ y (Y, ν) are WOE, then the canonical actions
m(Γ)y (Z, ξ) and n(Λ)y (W,ω) are conjugate.
Proof. We have the actions log ◦m(Γ) y (Z, ξ) and log ◦n(Λ) y (W,ω) through
the isomorphism log : R×+ → R. Let R y (Z1, ξ1) and R y (W1, ω1) denote the
actions induced from these two actions, respectively. By Theorem 1.2, these two
actions of R are isomorphic. The assumption |p/q| = |r/s| implies the equality
log ◦m(Γ) = log ◦n(Λ). The action of log ◦m(Γ) on almost every ergodic component
for its action on (Z1, ξ1) is isomorphic to the original action log ◦m(Γ)y (Z, ξ). A
similar property holds for the actions of log ◦n(Λ) on (W1, ω1) and on (W,ω). The
corollary therefore follows. 
Remark 7.7. We set Γ = BS(p, q) with 2 ≤ |p| ≤ |q|, and suppose that we have
an ergodic measure-preserving action of m(Γ) on a standard finite measure space
(Z, ξ). We construct an ergodic f.f.m.p. action Γy (X,µ) such that the canonical
action of m(Γ) on the space of ergodic components for the action kermy (X,µ) is
isomorphic to the given action on (Z, ξ). Let Γy (Y, ν) be an f.f.m.p. action such
that its restriction to kerm is ergodic. We set (X,µ) = (Y, ν) × (Z, ξ). Define an
action of Γ on (X,µ) by γ(y, z) = (γy,m(γ)z) for γ ∈ Γ, y ∈ Y and z ∈ Z. This is
shown to be a desired action.
By definition, any associated flow is induced from an ergodic measure-preserving
action of log ◦m(Γ) on a standard finite measure space. Thanks to the construction
discussed above, we can find an ergodic f.f.m.p. action of Γ whose associated flow
is isomorphic to such a given action of R.
Proof of Theorem 1.3. We set Γ = BS(p, q) with 2 ≤ |p| < |q|, and suppose that
an ergodic f.f.m.p. action Γ y (X,µ) is WOE to a weakly mixing f.f.m.p. action
∆y (Y, ν) of a discrete group ∆. Let Σ be the (Γ,∆)-coupling associated with the
WOE between the actions Γ y (X,µ) and ∆ y (Y, ν). Combining Theorems 4.3
and 7.3, we obtain a homomorphism δ : ∆→ R and an almost (Γ×∆)-equivariant
Borel map Φ: Σ→ (R, log ◦m, δ).
If δ were trivial, then Φ would induce a Γ-equivariant Borel map from X = Σ/∆
into R. The group log ◦m(Γ) is infinite and discrete in R. This is a contradiction
because we have the Γ-invariant finite measure µ on X . The homomorphism δ is
therefore non-trivial.
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Put M = (log |q/p|)Z. The map Φ induces a ∆-equivariant Borel map Φ¯ from
Y = Σ/Γ into R/M . Define a Borel map Ψ: Y ×Y → R/M by Ψ(x, y) = Φ¯(x)−Φ¯(y)
for x, y ∈ Y . Let ∆ act on Y × Y diagonally. The map Ψ is ∆-invariant and is
therefore essentially constant because the action ∆ y (Y, ν) is weakly mixing. It
follows that Φ¯ is essentially constant and that δ(∆) is contained in M . 
Proof of Theorem 1.5. We set Γ = BS(p, q) with 2 ≤ |p| < |q|. Let ∆ be a discrete
group such that there is an infinite amenable normal subgroup N of ∆ with the
quotient ∆/N non-elementarily word-hyperbolic. Assuming that Γ and ∆ are ME,
we deduce a contradiction. Let Σ be a (Γ,∆)-coupling such that the action of Γ×∆
on Σ is ergodic. As in the proof of Theorem 7.3, we choose fundamental domains
X,Y ⊂ Σ for the actions of ∆ and Γ on Σ, respectively, such that the intersection
Z = X ∩ Y has positive measure. We set G = Γ ⋉ X and H = ∆ ⋉ Y . Let
α : Γ×X → ∆ be the ME cocycle associated to X . We then have the isomorphism
f : (G)Z → (H)Z defined by f(γ, x) = (α(γ, x), x) for (γ, x) ∈ (G)Z . Let T denote
the Bass-Serre tree associated to Γ. For a vertex v of T , set Gv = Γv ⋉X .
Since (Gv)Z is amenable and quasi-normal in (G)Z , by Theorem 5.5, there exist
a Borel subset Z1 of Z with positive measure and a subgroup L of ∆ with N < L,
[L : N ] < ∞ and f((Gv)Z1) < (L ⋉ X)Z1 . Since (L ⋉X)Z1 is also amenable and
quasi-normal in (H)Z1 , by Theorem 5.1, there exist a Borel subset A of Z1 with
positive measure and a vertex v′ of T with f−1((L ⋉ X)A) < (Gv′ )A. Along the
proof of Theorem 7.3, using Lemma 6.7, we find a (Γ ×∆)-equivariant Borel map
Φ: Σ → (R, log ◦m, log ◦I), where I : ∆ → R×+ is the trivial homomorphism. The
map Φ induces a Γ-equivariant Borel map from Σ/∆ into R. This is a contradiction
because log ◦m(Γ) is infinite and discrete in R. 
8. Reduction of a coupling of Baumslag-Solitar groups
For a discrete group G acting on a tree T so that the stabilizer of any simplex
of T in G is infinite and cyclic, Gilbert, Howie, Metaftsis and Raptis present a
sufficient condition for the automorphism group of G to be canonically represented
into the automorphism group of T , in [19, Theorem A]. In Section 8.1, relying on
their argument, for any coupling of two Baumslag-Solitar groups satisfying a certain
ergodicity condition, we construct an equivariant Borel map from the coupling into
the space of isomorphisms between the associated Bass-Serre trees. Throughout
this section, we fix the following:
Notation 8.1. Let p, q, r and s be integers with 2 ≤ |p| < |q| and 2 ≤ |r| < |s|.
Let d0 > 0 denote the greatest common divisor of p and q, and let c0 > 0 denote
the greatest common divisor of r and s. Putting p0 = p/d0, q0 = q/d0, r0 = r/c0
and s0 = s/c0, we assume that q is not a multiple of p and that s is not a multiple
of r. We thus have 1 < |p0| < |q0| and 1 < |r0| < |s0|.
We set Γ = BS(p, q) and Λ = BS(r, s). Let TΓ and TΛ be the Bass-Serre trees
associated with Γ and Λ, respectively. We denote by ı : Γ → Aut(TΓ) and  : Λ →
Aut(TΛ) the homomorphisms associated with the actions on the trees. Let a ∈ Γ
(resp. b ∈ Λ) be a generator of the stabilizer of a vertex in TΓ (resp. TΛ). We define
Isom(TΛ, TΓ) as the set of orientation-preserving isomorphisms from TΛ onto TΓ,
which are equipped with the standard Borel structure induced by the pointwise
convergence topology. The set Isom(TΓ, TΛ) is also defined similarly.
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8.1. Reduction to isomorphisms between trees. For non-zero integers m, n,
we say that a measure-preserving action of Z on a measure space is (m,n)-ergodic
if for any non-negative integers k, l, the action of the subgroup mknlZ is ergodic.
Theorem 8.2. In Notation 8.1, let (Σ,m) be a (Γ,Λ)-coupling. We suppose that
(1) the action of 〈ad0〉 on almost every ergodic component for the action 〈a〉y
Σ/Λ is (p0, q0)-ergodic; and
(2) the action of 〈bc0〉 on almost every ergodic component for the action 〈b〉y
Σ/Γ is (r0, s0)-ergodic.
Then there exists an essentially unique, almost (Γ × Λ)-equivariant Borel map
Φ: Σ→ (Isom(TΛ, TΓ), ı, ). In particular, we have |p| = |r| and |q| = |s|.
Lemma 8.3. In Notation 8.1, the Dirac measure on the neutral element of Aut(TΓ)
is the only probability measure on Aut(TΓ) invariant under conjugation by any
element of ı(Γ).
Proof. Let µ be a probability measure on Aut(TΓ) invariant under conjugation by
any element of ı(Γ). Let Γ = 〈 a, t | tapt−1 = aq 〉 be the presentation of Γ. Note
that t acts on TΓ as a hyperbolic isometry. Let x± ∈ ∂TΓ denote the two fixed points
of t. We define a Borel map F : Aut(TΓ)→ ∂TΓ by F (ϕ) = ϕ(x+) for ϕ ∈ Aut(TΓ).
Since tx+ = x+, we have F∗µ = (F ◦ Adt)∗µ = (ı(t) ◦ F )∗µ. The measure F∗µ is
thus invariant under the action of t. Since the action of 〈t〉 on ∂TΓ \ {x±} is free
and admits a Borel fundamental domain, we have F∗µ({x±}) = 1. It follows that
µ is supported on the set {ϕ ∈ Aut(TΓ) | ϕ(x+) ∈ {x±} }. A verbatim argument
implies that µ is supported on the stabilizer of the set {x±} in Aut(TΓ).
The element ata−1 ∈ Γ also acts on TΓ as a hyperbolic isometry. In a similar
way, if y± ∈ ∂TΓ denote the two fixed points of ata
−1, then µ is supported on the
stabilizer of the set {y±} in Aut(TΓ). Let v denote the vertex of TΓ such that the
stabilizer of v in Γ is equal to 〈a〉. Any element ϕ of Aut(TΓ) with ϕ({x±}) = {x±}
and ϕ({y±}) = {y±} fixes v because v is the intersection of the geodesic in TΓ
between x+ and x− and the one between y+ and y−. It follows that µ is supported
on the stabilizer of v in Aut(TΓ). Since Γ acts on V (TΓ) transitively, we conclude
that µ is supported on the neutral element of Aut(TΓ). 
In the notation in Theorem 8.2, let X,Y ⊂ Σ be fundamental domains for the
actions of Λ and Γ on Σ, respectively. Let α : Γ × X → Λ be the ME cocycle
defined by the condition (γ, α(γ, x))x ∈ X for γ ∈ Γ and x ∈ X . To distinguish
the action Γ y X and the action Γ y Σ, we use a dot for the former action, that
is, we set γ · x = (γ, α(γ, x))x for γ ∈ Γ and x ∈ X . Similarly, we use a dot for
the action Λ y Y . By [28, Lemma 2.27], we may assume that the intersection
Z = X ∩ Y satisfies the equality Γ · Z = X when Z is regarded as a subset of
X , and satisfies the equality Λ · Z = Y when Z is regarded as a subset of Y .
We set G = Γ ⋉ X and H = Λ ⋉ Y . Let f : (G)Z → (H)Z be the isomorphism
defined by f(γ, x) = (α(γ, x), x) for (γ, x) ∈ (G)Z . For each simplex u of TΓ, we
put Gu = Γu ⋉X . Similarly, for each simplex v of TΛ, we put Hv = Λv ⋉ Y .
Lemma 8.4. If we have u1, u2 ∈ V (TΓ) and a Borel subset W of Z with positive
measure satisfying the inclusion (Gu1)W ⊂ (Gu2)W , then the equality u1 = u2 holds.
Proof. Assuming that u1 6= u2, we deduce a contradiction. Let e be the edge of TΓ
containing u1 and contained in the geodesic between u1 and u2. The inclusion in the
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lemma implies the equality (Ge)W = (Gu1)W . On the other hand, by condition (1) in
Theorem 8.2 and Lemma 3.5 (ii), (iii), we have [(Gu1 )W : (Ge)W ]x = [Γu1 : Γe] > 1
for a.e. x ∈ W . This is a contradiction. 
Lemma 8.5. For any u ∈ V (TΓ), there exist a countable Borel partition Z =
⊔
n Zn
and vn ∈ V (TΛ) such that f((Gu)Zn) = (Hvn)Zn for each n.
Proof. By Lemmas 3.17 and 3.18, (Gu)Z is quasi-normal in (G)Z , and it is also of
infinite type and amenable. It follows that f((Gu)Z) is of infinite type, amenable and
quasi-normal in (H)Z . Let σ : H → Λ be the projection. By Theorem 5.1, f((Gu)Z)
is elliptic, that is, there exists an (f((Gu)Z), σ)-invariant Borel map ϕ : Z → V (TΛ).
Take a countable Borel partition Z =
⊔
n Zn such that for each n, the map ϕ is
essentially constant on Zn, and denote by vn ∈ V (TΛ) the essential value of ϕ on
Zn. We obtain the inclusion f((Gu)Zn) ⊂ (Hvn)Zn for any n. Applying the same
argument to f−1 in place of f and taking a finer Borel partition of Z, for each n,
we find un ∈ V (TΓ) with the inclusion f−1((Hvn)Zn) ⊂ (Gun)Zn . By Lemma 8.4,
for any n, the equality un = u holds, and the equality in the lemma also holds. 
Lemma 8.6. If we have e1, e2 ∈ E(TΛ) and a Borel subset W of Z with positive
measure such that (He1)W = (He2)W , then the equality Λe1 = Λe2 holds.
Proof. Since we have (He1 )W = (He1 ∩He2)W = (He2 )W , condition (2) in Theorem
8.2 and Lemma 3.5 (ii), (iii) imply that we have Λe1 = Λe1 ∩ Λe2 = Λe2 . 
Proof of Theorem 8.2. For a.e. z ∈ Z, we define a map ϕz : V (TΓ) → V (TΛ) by
ϕz(u) = vn if z ∈ Zn, where we use the notation in Lemma 8.5. By symmetry, a
conclusion similar to Lemma 8.4 holds for subgroupoids of H. For a.e. z ∈ Z, the
map ϕz is thus well-defined and is independent of the choice of a countable Borel
partition of Z. Applying the same process to f−1 in place of f , for a.e. z ∈ Z, we
obtain a map ψz : V (TΛ)→ V (TΓ). By Lemma 8.4, for a.e. z ∈ Z, the composition
ψz ◦ϕz is the identity on V (TΓ), and ϕz ◦ψz is the identity on V (TΛ). In particular,
ϕz and ψz are bijections.
Claim 8.7. For a.e. z ∈ Z, ϕz defines a simplicial isomorphism from TΓ onto TΛ.
Proof. This proof heavily depends on the proof of [19, Theorem A]. We extend
the map ϕz : V (TΓ) → V (TΛ) to a continuous map ϕ˜z : TΓ → TΛ in an affine way.
Namely, for each edge e of TΓ whose origin and terminal are u1 and u2, respectively,
the restriction of ϕ˜z to e is the affine homeomorphism from e to the geodesic from
ϕz(u1) to ϕz(u2). Similarly, we extend ψz to a continuous map ψ˜z : TΛ → TΓ.
We show that for a.e. z ∈ Z, ϕ˜z is locally injective, that is, for any u ∈ V (TΓ)
and any two distinct edges e1, e2 of TΓ whose boundaries contain u, the first edges
of the paths ϕ˜z(e1), ϕ˜z(e2) are distinct. This implies injectivity of ϕ˜z , and thus
implies the claim.
We pick u ∈ V (TΓ) and suppose that we have a Borel subsetW of Z with positive
measure and two edges e, e′ of TΓ whose boundaries contain u, such that for a.e.
z ∈W , the first edges of the two paths ψ˜z ◦ ϕ˜z(e), ψ˜z ◦ ϕ˜z(e
′) in TΓ starting at u are
equal. Denote the first edge by d. It suffices to show the equality e = e′. For a.e.
z ∈ Z, any γ ∈ Γ and any v ∈ V (TΓ), we have γψz ◦ϕz(v) = γv = ψz ◦ϕz(γv). The
equality γψ˜z ◦ ϕ˜z(s) = ψ˜z ◦ ϕ˜z(γs) thus holds for any γ ∈ Γ and any s ∈ TΓ. We
have the inclusions Γe < Γd and Γe′ < Γd, and thus Γe = Γd = Γe′ thanks to the
assumption that q is not a multiple of p. There exist k, k′ ∈ Z with d = akue = a
k′
u e
′,
32 YOSHIKATA KIDA
where au is a generator of Γu. The equality a
k−k′
u ψ˜z ◦ ϕ˜z(e) = ψ˜z ◦ ϕ˜z(e
′) implies
the equality ak−k
′
u d = d. We have a
k−k′
u ∈ Γd = Γe, and thus e
′ = ak−k
′
u e = e. 
Claim 8.8. For a.e. z ∈ Z, the simplicial isomorphism ϕz : TΓ → TΛ is orientation-
preserving.
Proof. Pick u ∈ V (TΓ). Let e1, . . . , e|q| ∈ E(TΓ) denote the edges whose boundaries
contain u as their origins. Let u1, . . . , u|q| ∈ V (TΓ) be the vertices of e1, . . . , e|q|
other than u, respectively. Let Z1 be a Borel subset of Z with positive measure
where the maps assigning ϕz(u) and ϕz(ui) to z are constant for any i. We denote
by v and vi the values of the maps on Z1, respectively, and denote by fi the edge
in E(TΛ) connecting v with vi. The equality Γe1 = · · · = Γe|q| implies the equality
(Ge1)Z1 = · · · = (Ge|q| )Z1 . It follows that there exists a Borel subset Z2 of Z1 with
positive measure such that (Hf1 )Z2 = · · · = (Hf|q| )Z2 . By Lemma 8.6, we have
Λf1 = · · · = Λf|q| . The edges f1, . . . , f|q| therefore have the same origin. 
The rest of the proof of Theorem 8.2 is essentially the same as that of [29,
Theorem 4.4]. We define a Borel map ϕ : Z → Isom(TΓ, TΛ) by ϕ(z) = ϕz for
z ∈ Z. Following the proof of [29, Lemma 4.7], we can show the equality
 ◦ α(γ, x)ϕ(x) = ϕ(γ · x)ı(γ)
for any γ ∈ Γ and a.e. x ∈ Z with γ · x ∈ Z. The coupling Σ is identified with
X × Λ as a measure space. The group Γ× Λ acts on X × Λ by
(γ, λ)(x, λ′) = (γ · x, α(γ, x)λ′λ−1)
for γ ∈ Γ, λ, λ′ ∈ Λ and x ∈ X . We define a Borel map Φ: Σ → Isom(TΛ, TΓ) by
putting Φ((γ, λ)(x, eΛ)) = ı(γ)ϕ(x)
−1(λ)−1 for γ ∈ Γ, λ ∈ Λ and x ∈ Z, where eΛ
denotes the neutral element of Λ. This map Φ is shown to be well-defined and be
a desired one. We refer to the proof of [29, Theorem 4.4] for a precise argument.
Uniqueness of Φ follows from Lemma 8.3. 
Through the translation between ME and WOE, we obtain the following:
Corollary 8.9. In Notation 8.1, let Γy (X,µ) and Λy (Y, ν) be ergodic f.f.m.p.
actions such that
• the action of 〈ad0〉 on almost every ergodic component for the action 〈a〉y
(X,µ) is (p0, q0)-ergodic; and
• the action of 〈bc0〉 on almost every ergodic component for the action 〈b〉y
(Y, ν) is (r0, s0)-ergodic.
If the actions Γy (X,µ) and Λy (Y, ν) are WOE, then |p| = |r| and |q| = |s|.
8.2. A profinite completion of integers. This subsection is preliminary to the
next subsection. We fix two integers p, q with 2 ≤ p < q. Define d0 as the greatest
common divisor of p and q, and set p0 = p/d0 and q0 = q/d0. We assume that q is
not a multiple of p. We thus have 1 < p0 < q0.
Let E denote the infinite cyclic group Z. For two non-negative integers k, l, we
denote by Ek,l the subgroup of E with [E : Ek,l] = d0p
k
0q
l
0. We define E∞ as the
projective limit
E∞ = lim←−
E/Ek,l,
which is a compact unital ring. The group E is naturally identified with a dense
subgroup of E∞. For two non-negative integers k, l, we denote by E¯k,l the closure
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of Ek,l in E∞, which is equal to the kernel of the canonical homomorphism from
E∞ onto E/Ek,l.
Lemma 8.10. In the above notation, the following assertions hold:
(i) The additive group E¯0,0 is torsion-free.
(ii) For any two non-negative integers k, l, the map σk,l : E¯0,0 → E¯k,l defined
by σk,l(x) = p
k
0q
l
0x for x ∈ E¯0,0 is an isomorphism of additive groups.
(iii) For any continuous automorphism α of the additive group E∞, there exists
a unit r of E∞ with α(x) = rx for any x ∈ E∞.
(iv) Let r be a unit of E∞. If there exist non-negative integers k, l with rx = x
for any x ∈ E¯k,l, then d0(r − 1) = 0.
(v) Conversely, if r is a unit of E∞ with d0(r − 1) = 0, then we have rx = x
for any x ∈ E¯0,0.
Proof. To prove assertion (i), we pick an element x of E¯0,0 and a positive integer
m with mx = 0. Choose a sequence {ni}i in E0,0 converging to x. The sequence
{mni}i then converges to 0. Let k be a positive integer. For any sufficiently large i,
the integer mni is divided by d0(p0q0)
k. It follows that for any sufficiently large i,
the integer ni is also divided by d0(p0q0)
k. The sequence {ni}i therefore converges
to 0, and we obtain x = 0. Assertion (i) is proved.
Assertion (ii) follows from assertion (i). In assertion (iii), putting r = α(1), we
have the equality α(n) = nr for any n ∈ Z. The equality α(x) = rx for any x ∈ E∞
follows from the continuity of α.
Let r be a unit of E∞ satisfying the assumption in assertion (iv). We then have
d0p
k
0q
l
0(r − 1) = 0 because d0p
k
0q
l
0 belongs to E¯k,l. On the other hand, d0(r − 1)
belongs to E¯0,0. We have d0(r − 1) = 0 by assertion (i). Assertion (iv) is proved.
In assertion (v), pick an element x of E¯0,0, which is approximated by a sequence
{d0ni}i of elements of E0,0 with ni ∈ E for any i. Let y ∈ E∞ be an accumulation
point of the sequence {ni}i. We then have d0y = x and (r − 1)x = (r − 1)d0y = 0.
Assertion (v) is proved. 
8.3. Further reduction. Under an assumption stronger than that in Theorem
8.2, we obtain the following stronger conclusion.
Theorem 8.11. In Notation 8.1, let (Σ,m) be a (Γ,Λ)-coupling. We assume the
following two conditions:
(I) The action of 〈ad0〉 on Σ/Λ is ergodic.
(II) The action of 〈bc0〉 on Σ/Γ is ergodic.
Then there exists an integer ε ∈ {±1} with (p, q) = (εr, εs), that is, Γ and Λ are
isomorphic.
Theorem 1.4 follows from this theorem. Before the proof of Theorem 8.11, let
us make a few comments. By Lemma A.2, conditions (I) and (II) imply conditions
(1) and (2) in Theorem 8.2, respectively. It follows that there exists an almost
(Γ × Λ)-equivariant Borel map Φ: Σ → (Isom(TΛ, TΓ), ı, ) and that the equalities
|p| = |r| and |q| = |s| hold. In particular, the equality c0 = d0 holds.
Proof of Theorem 8.11. Because of the above argument, to prove the theorem, it
is enough to deduce a contradiction under the assumption that p > 0, q > 0, r = p
and s = −q. We then have r0 = p0 and s0 = −q0. We fix the notation as follows.
Fix u0 ∈ V (TΓ) and v0 ∈ V (TΛ). Let E denote the stabilizer of u0 in Γ, and let F
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denote the stabilizer of v0 in Λ. For two non-negative integers k, l, we denote by
Ek,l the subgroup of E with [E : Ek,l] = d0p
k
0q
l
0. Similarly, we denote by Fk,l the
subgroup of F with [F : Fk,l] = d0p
k
0q
l
0. Define the projective limits
E∞ = lim←−
Ek,l, F∞ = lim←−
Fk,l.
We define I as the space of continuous isomorphisms from E∞ onto F∞ as additive
groups, and equip it with the standard Borel structure associated with the compact-
open topology.
By Theorem 8.2, there exists an almost (Γ× Λ)-equivariant Borel map Φ: Σ→
(Isom(TΛ, TΓ), ı, ). Let Σ0 be the inverse image under Φ of the Borel subset {ϕ ∈
Isom(TΛ, TΓ) | ϕ(v0) = u0 }. The subset Σ0 has positive measure because we
have the equality ΓΣ0 = Σ up to null sets. As in [29, Lemma 5.2], it is shown
that Σ0 is an (E,F )-coupling. Let X,Y ⊂ Σ0 be fundamental domains for the
actions F y Σ0 and E y Σ0, respectively, such that Z = X ∩ Y has positive
measure. They are also fundamental domains for the actions Λ y Σ and Γ y Σ,
respectively. We have the natural actions Γ y X and Λ y Y , and set G = Γ⋉X
andH = Λ⋉Y . Let α : Γ×X → Λ be the ME cocycle associated with X . The Borel
map f : (G)Z → (H)Z defined by f(γ, x) = (α(γ, x), x) for (γ, x) ∈ (G)Z is then an
isomorphism. We set E = E ⋉X and F = F ⋉ Y . The equality f((E)Z ) = (F)Z
holds by the construction of X and Y . For two non-negative integers k, l, we set
Ek,l = Ek,l ⋉X, Fk,l = Fk,l ⋉ Y.
Claim 8.12. For any two non-negative integers k, l with (k, l) 6= (0, 0), there exists
a countable Borel partition Z =
⊔
n Z
k,l
n with the equality f((Ek,l)Zk,ln ) = (Fk,l)Zk,ln
for any n.
Proof. Let k and l be non-negative integers with (k, l) 6= (0, 0). There exists a
vertex u ∈ V (TΓ) with E ∩ Γu = Ek,l, where Γu is the stabilizer of u in Γ. By
Lemma 8.5, there exist a countable Borel partition Z =
⊔
n Zn and vn ∈ V (TΛ)
such that f((Gu)Zn) = (Hvn)Zn for any n, where we use the same notation as in the
lemma. It follows that f sends (Ek,l)Zn onto (F ∩Hvn)Zn for any n. Condition (I)
in Theorem 8.11 and Lemma A.2 imply that Ek,l is ergodic. By Lemma 3.5 (ii) and
(iii), the index of (Ek,l)Zn in (E)Zn at a.e. x ∈ Zn is equal to d0p
k
0q
l
0. It follows that
the index of (F ∩Hvn)Zn in (F)Zn at a.e. x ∈ Zn is also equal to the same number.
There exist non-negative integers k′, l′ with (k′, l′) 6= (0, 0) and F ∩ Hvn = Fk′,l′ .
Condition (II) in Theorem 8.11 and Lemma A.2 imply that Fk′,l′ is ergodic. By
Lemma 3.5 (ii) and (iii), we have k′ = k and l′ = l. The claim is proved. 
Construction of ψ0 : Z → I. Let k and l be non-negative integers with (k, l) 6=
(0, 0). We have a countable Borel partition Z =
⊔
n Z
k,l
n satisfying the conclusion
in Claim 8.12. For each n, we have the isomorphism
E/Ek,l → E/Ek,l → (E)Zk,ln /(Ek,l)Zk,ln
f
→ (F)
Z
k,l
n
/(Fk,l)Zk,ln → F/Fk,l → F/Fk,l,
where we use Lemma 3.20 in the isomorphisms other than the third one. We define
a Borel map ψk,l : Z ×E/Ek,l → F/Fk,l so that for any x ∈ Zk,ln , ψk,l(x, ·) is equal
to the above isomorphism. This map is defined independently of the choice of the
countable Borel partition of Z.
For any integers k′ and l′ with k′ ≥ k and l′ ≥ l and for a.e. x ∈ Z, we have
the following commutative diagram, where the vertical arrows denote the canonical
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homomorphisms:
E/Ek′,l′
ψk′,l′ (x,·)
//

F/Fk′,l′

E/Ek,l
ψk,l(x,·)
// F/Fk,l
We therefore obtain a Borel map ψ0 : Z → I such that for a.e. x ∈ Z and for any
non-negative integers k, l with (k, l) 6= (0, 0), the isomorphism ψ0(x) from E∞ onto
F∞ induces the isomorphism ψk,l(x, ·) from E/Ek,l onto F/Fk,l.
Claim 8.13. The map ψ0 : Z → I is essentially constant.
Proof. We fix γ ∈ E and a Borel subset A of Z with positive measure such that the
inclusion γ ·A ⊂ Z holds, and α(γ, ·) is constant on A with the value λ ∈ F . Define
an automorphism Uγ of G by Uγ(g) = (γ, r(g))g(γ, s(g))−1 for g ∈ G. Similarly,
define an automorphism Vλ of H by Vλ(h) = (λ, r(h))h(λ, s(h))−1 for h ∈ H.
The automorphism Uγ preserves E and Ek,l for any non-negative integers k, l with
(k, l) 6= (0, 0). It follows that Uγ induces an isomorphism
E/Ek,l → (E)A/(Ek,l)A → (E)γ·A/(Ek,l)γ·A → E/Ek,l,
which is the identity because E is commutative. Similarly, the automorphism Vλ
induces an isomorphism
F/Fk,l → (F)A/(Fk,l)A → (F)λ·A/(Fk,l)λ·A → F/Fk,l,
which is the identity. Note that we have γ ·A = λ ·A because f induces the identity
on Z. The equality f ◦ Uγ = Vλ ◦ f holds on (G)A by the definition of f . We thus
have ψ0(γ · x) = ψ0(x) for a.e. x ∈ A. This equality holds for a.e. x ∈ Z by the
choice of A. The claim follows because E is ergodic. 
Construction of C. The groups Γ and Λ do not act on I naturally. Let us now
introduce a standard Borel space C on which Γ × Λ acts and which contains a
quotient of I. We define C0 as the set of continuous isomorphisms from a closed
finite index subgroup of E∞ onto a closed finite index subgroup of F∞ as additive
groups. We say that two elements of C0 are equivalent if there exists a finite index
subgroup of E∞ on which they are equal. Define C as the set of equivalence classes
in C0. For ϕ ∈ C0, let [ϕ] ∈ C denote the equivalence class of ϕ.
Lemma 8.10 (ii) implies that we have the isomorphisms σ1,0 : E¯0,0 → E¯1,0 and
σ0,1 : E¯0,0 → E¯0,1 defined as the multiplications by p0 and q0, respectively. We
define σ : E¯1,0 → E¯0,1 as the composition σ0,1 ◦ (σ1,0)
−1. In the presentation Γ =
〈 a, t | tapt−1 = aq 〉, let Γ act on C from right as follows. Let a act on C by the
identity and t act on C by [ϕ]t = [ϕ ◦ σ] for ϕ ∈ C0, where the composition ϕ ◦ σ is
defined on a closed finite index subgroup of E¯1,0.
Similarly, we have the isomorphisms τ1,0 : F¯0,0 → F¯1,0 and τ0,1 : F¯0,0 → F¯0,1
defined as the multiplications by p0 and q0, respectively. We define τ : F¯1,0 → F¯0,1
as the composition τ0,1 ◦ (τ1,0)−1. We also have the automorphism I of F∞ defined
by I(x) = −x for x ∈ F∞. In the presentation Λ = 〈 b, u | ubpu−1 = b−q 〉, let Λ
act on C from left as follows. Let b act on C by the identity and u act on C by
u[ϕ] = [τ ◦ I ◦ ϕ] for ϕ ∈ C0. This action of Λ on C commutes the action of Γ.
Let U denote the group of units of E∞, which is a closed subset of E∞. For
r ∈ U , let mr denote the automorphism of the additive group E∞ defined by
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mr(x) = rx for x ∈ E∞. The group U acts on I by the formula rϕ = ϕ ◦mr−1 for
r ∈ U and ϕ ∈ I. We define U0 as the subgroup of U consisting of all r ∈ U with
d0(r − 1) = 0, which is closed in U . The natural map from I into C induces an
injective map from the quotient I/U0 into C by Lemma 8.10 (iii)–(v). We define C0
as the image of this map and equip it with the standard Borel structure induced
by the map.
For n ∈ Z, we set C0σn = { [ϕ ◦ σn] ∈ C | [ϕ] ∈ C0 }. Similarly, we define the
subset τnC0 of C. For any ϕ ∈ C0 and any n ∈ Z, the equality [ϕ ◦ σn] = [τn ◦ ϕ]
holds. It follows that for any n ∈ Z, the equality C0σn = τnC0 holds. Since [I ◦ ϕ]
belongs to C0 for any [ϕ] ∈ C0, we have
C0Γ =
⋃
n∈Z
C0σ
n =
⋃
n∈Z
τnC0 = ΛC0.
Let C denote this subset of C, on which Γ× Λ acts.
We claim that the sets C0σ
n through n ∈ Z are mutually disjoint. Let ξ and η
denote the Haar measures on E∞ and F∞, respectively, with the total measure 1.
For any [ϕ] ∈ C0, we have ϕ∗ξ = η on a closed finite index subgroup of F∞. On
the other hand, we have (σn)∗ξ = (q0/p0)
nξ on a closed finite index subgroup of
E∞. The claim follows. We equip C with the standard Borel structure so that the
actions of Γ and Λ on it are Borel.
We define a Borel map ψ : Z → C0 as the composition of the essentially constant
map ψ0 : Z → I with the natural map from I into C. Recall that we have the
cocycle α : Γ×X → Λ associated with X . We use a dot for the action of Γ on X ,
that is, we set γ · x = (γ, α(γ, x))x for γ ∈ Γ and x ∈ X .
Claim 8.14. For any γ ∈ Γ and a.e. x ∈ Z with γ · x ∈ Z, we have the equality
α(γ, x)ψ(x) = ψ(γ · x)γ.
Proof. We fix γ ∈ Γ and a Borel subset A of Z with positive measure such that the
inclusion γ ·A ⊂ Z holds, and α(γ, ·) is constant on A with the value λ ∈ Λ. Define
the automorphism Uγ of G and the automorphism Vλ of H by the same formulas
as in the proof of Claim 8.13. The equality f ◦ Uγ = Vλ ◦ f holds on (G)A by the
definition of f .
Choose integers n, K and L such thatK > |n|, L > |n| and γEk,lγ
−1 = Ek−n,l+n
for any k, l ∈ Z with k ≥ K and l ≥ L. For any such k, l ∈ Z, the automorphism
Uγ induces an isomorphism
EK,L/Ek,l →(EK,L)A/(Ek,l)A
→ (EK−n,L+n)γ·A/(Ek−n,l+n)γ·A → EK−n,L+n/Ek−n,l+n.
It moreover induces an isomorphism from E¯K,L onto E¯K−n,L+n, which is equal to
the restriction of σn. For a.e. x ∈ A, the isomorphism f ◦Uγ from (G)A onto (H)λ·A
therefore induces the element [ψ0(γ · x) ◦ σn] of C, which is equal to ψ(γ · x)γ.
Similarly, the automorphism Vλ induces an element of C0, which is a restriction
of (τ ◦ I)m for some m ∈ Z. For a.e. x ∈ A, the isomorphism Vλ ◦ f induces the
element [(τ ◦ I)m ◦ ψ0(x)] of C, which is equal to λψ0(x). 
We define a Borel map Ψ: Σ → C by Ψ((γ, λ)x) = λψ(x)γ−1 for γ ∈ Γ, λ ∈ Λ
and x ∈ Z. As noted in the end of the proof of Theorem 8.2, the equality in Claim
8.14 is used to show that Ψ is well-defined and is almost (Γ × Λ)-equivariant. By
condition (I) in Theorem 8.11, the action E y Σ/Λ is ergodic. Since the action
INVARIANTS OF ORBIT EQUIVALENCE RELATIONS 37
of E on Λ\C is trivial, the map from Σ/Λ into Λ\C induced by Ψ is essentially
constant. It follows that the image of Ψ is essentially contained in Λ[α0], where α0
is an element of C0 such that [α0] is the essential value of the map ψ : Z → C0.
A similar argument shows that the image of Ψ is essentially contained in [α0]Γ.
We thus have the equality Λ[α0] = [α0]Γ. It implies that there exists n ∈ Z with
[τ ◦I ◦α0] = [α0 ◦σn]. Since we have [α0 ◦σn] = [τn ◦α0], there exists a closed finite
index subgroup of F∞ on which τ
1−n ◦ I is the identity. One can find a non-zero
element x of F¯0,0 such that τ
1−n ◦ I(x) is defined and equal to x. If 1 − n ≥ 0,
then there exists an element y of F¯0,0 with x = p
1−n
0 y = −q
1−n
0 y. We thus have
(p1−n0 + q
1−n
0 )y = 0 and obtain a contradiction by Lemma 8.10 (i). If 1 − n < 0,
then there exists an element z of F¯0,0 with x = q
n−1
0 z = −p
n−1
0 z. We also obtain a
contradiction. 
Remark 8.15. In Theorem 8.11, the conclusion is not necessarily true if we assume
conditions (1) and (2) in Theorem 8.2 in place of conditions (I) and (II). A simple
counterexample comes from commensurability between BS(p, q) and BS(p,−q) with
2 ≤ |p| ≤ |q|. If p and q are integers with 2 ≤ |p| ≤ |q|, then for each ε ∈ {±1}, the
subgroup Γε of BS(p, εq) = 〈 a, t | tapt−1 = aεq 〉 generated by a, tat−1 and t2 is of
index 2, and Γ1 and Γ−1 are isomorphic. Let F : Γ−1 → Γ1 be this isomorphism.
Let Γ1 × Γ−1 act on Γ1 by (γ, δ)g = γgF (δ)−1 for γ, g ∈ Γ1 and δ ∈ Γ−1. Put
Γ = BS(p, q) and Λ = BS(p,−q). We define Σ as the (Γ,Λ)-coupling defined by the
action of Γ × Λ induced from the action of Γ1 × Γ−1 on Γ1. This coupling fulfills
conditions (1) and (2) in Theorem 8.2, while it does not satisfy the conclusion of
Theorem 8.11 because Γ and Λ are not isomorphic.
8.4. A coupling with an unknown group. The argument of this subsection
heavily relies on Monod-Shalom [37]. We say that a measure-preserving action of a
discrete group G on a measure space (X,µ) is mildly mixing if for any measurable
subset A of X and any sequence {gi}i of G tending to infinity with {µ(giA△A)}i
tending to 0, we have either µ(A) = 0 or µ(X \A) = 0.
Theorem 8.16. We set Γ = BS(p, q) with 2 ≤ |p| < |q| and denote by d0 > 0 the
greatest common divisor of p and q. Assume that q is not a multiple of p. Let ∆ be a
discrete group. Let (Σ,m) be a (Γ,∆)-coupling such that the action 〈ad0〉y Σ/∆ is
ergodic; and the action ∆y Σ/Γ is mildly mixing. We define T as the Bass-Serre
tree associated with Γ.
Then there exists an orientation-preserving simplicial action of ∆ on T such that
for any v ∈ V (T ), the stabilizer of v in ∆ is infinite and amenable; and the actions
of ∆ on V (T ) and on E(T ) are both transitive.
The conclusion of this theorem implies that ∆ is an HNN extension of an infinite
amenable group ∆0 relative to an isomorphism between a subgroup of ∆0 of index
|p| and a subgroup of ∆0 of index |q|.
Proof of Theorem 8.16. We define Ω as the quotient space of Σ×Σ by the diagonal
action of ∆, which is a (Γ,Γ)-coupling. By [37, Lemma 6.5], both the actions
〈ad0〉 y Ω/({e} × Γ) and 〈ad0〉 y Ω/(Γ × {e}) are ergodic. In the application of
the cited lemma, we use the assumption that the action ∆y Σ/Γ is mildly mixing.
Thanks to Lemma A.2, Theorem 8.2 can be applied to Ω. Combining Theorem
4.2 and Lemma 8.3, we obtain a homomorphism ρ : ∆ → Aut(T ) and an almost
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(Γ×∆)-equivariant Borel map Φ: Σ→ (Aut(T ), ı, ρ). For each simplex s of T , let
Stab(s) denote the stabilizer of s in Aut(T ), and put
Σs = Φ
−1(Stab(s)), Γs = ı
−1(ı(Γ) ∩ Stab(s)), ∆s = ρ
−1(ρ(∆) ∩ Stab(s)).
As in [29, Lemma 5.2], we can show that Σs is a (Γs,∆s)-coupling. As in [29,
Lemma 5.3], using ergodicity of the action Γs y Σ/∆ for each simplex s of T , we
can show that the actions of ∆ on V (T ) and on E(T ) are both transitive. 
9. Non-trivial orbit equivalence
This section is devoted to the proof of the following:
Theorem 9.1. Let p and q be integers with 2 ≤ |p| ≤ |q|, and set Γ = BS(p, q).
Then there exist two f.f.m.p. actions Γy (X,µ) and Γy (Y, ν) such that they are
WOE, but are not conjugate; and the actions of any non-trivial elliptic subgroup of
Γ on (X,µ) and on (Y, ν) are both ergodic.
The two actions of Γ in this theorem are not virtually conjugate either in the
sense of [27, Definition 1.3] because Γ is torsion-free by [34, Theorem IV.2.4] and
because the actions of any finite index subgroup of Γ on (X,µ) and on (Y, ν) are
ergodic. It follows that under the assumption in Theorem 8.11, we cannot conclude
that the two actions Γy Σ/Λ and Λy Σ/Γ in it are virtually conjugate.
Until Theorem 9.11, we set Γ = BS(p, q) with 2 ≤ |p| ≤ |q|. Let d0 > 0 denote
the greatest common divisor of p and q, and set p0 = p/d0 and q0 = q/d0. We fix a
presentation Γ = 〈 a, t | tapt−1 = aq 〉. Let T be the Bass-Serre tree associated with
Γ. Let ı : Γ→ Aut(T ) be the homomorphism associated with the action of Γ on T .
9.1. A standard coupling. We define a continuous homomorphism τ : Aut(T )→
Z as follows. Let E+ and E− denote the sets of oriented edges of T introduced in
Section 2. We set σ(e) = 1 for each e ∈ E+, and set σ(f) = −1 for each f ∈ E−.
Fix a vertex v0 of T . For ϕ ∈ Aut(T ), let e1, . . . , en be the shortest sequence of
oriented edges of T such that the origin of e1 is v0; the terminal of en is ϕ(v0); and
for any i = 1, . . . , n−1, the terminal of ei and the origin of ei+1 are equal. We then
define τ(ϕ) as the integer
∑n
i=1 σ(ei). The map τ is independent of the choice of v0
and is indeed a continuous homomorphism. Note that τ(ı(a)) = 0 and τ(ı(t)) = 1.
We set L = R. Let Aut(T ) act on L by ϕx = (q/p)τ(ϕ)x for ϕ ∈ Aut(T ) and
x ∈ L. We then have the semi-direct product L⋊Aut(T ). Let K denote the closure
of the cyclic group 〈ı(a)〉 in Aut(T ), which is compact and abelian. We define G as
the subgroup of L⋊Aut(T ) generated by L, K and ı(t). The subgroup G is closed
in L⋊Aut(T ).
For each θ ∈ L \ {0}, we define a homomorphism πθ : Γ→ G by πθ(a) = (θ, ı(a))
and πθ(t) = (0, ı(t)). This is injective, and the image πθ(Γ) is a cocompact lattice
in G such that [0, |θ|)×K is its fundamental domain. Let αθ be the automorphism
of L⋊ Aut(T ) that is the identity on Aut(T ) and is the multiplication by θ on L.
The equality πθ = αθ ◦ π1 on Γ then holds.
It follows that (G, πθ, π1) is a (Γ,Γ)-coupling. In the rest of this subsection, we
examine the action of Γ on G/π1(Γ) through πθ and that on πθ(Γ)\G through π1.
The argument in the previous paragraph implies that the latter action is isomorphic
to the action of Γ on G/π1(Γ) through πθ−1 . Since L and K commute in G, we
identify the subgroup of G generated by them with the direct product L×K. We
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set E = 〈a〉. The space G/π1(Γ) is then identified with (L×K)/π1(E). We denote
the latter space by M , which is a compact abelian group.
Lemma 9.2. Let θ be an irrational number. Then the action of any non-trivial
subgroup of E on M through πθ is ergodic.
Proof. Let n be a non-zero integer. Let Λ denote the subgroup of L×K generated
by πθ(〈a
n〉) and π1(E). It suffices to show that Λ is dense in L×K. The group Λ
is generated by (n(θ− 1), e) and (1, ı(a)). Density of Λ in L×K is thus equivalent
to density of the subgroup generated by ([1], ı(a)) in the group R/n(θ − 1)Z ×K,
where for r ∈ R, [r] denotes the equivalence class of r in R/n(θ − 1)Z. The latter
condition follows from the assumption that θ is irrational. 
Proposition 9.3. For each i = 1, 2, let Bi be a compact, second countable and
abelian group with the normalized Haar measure mi, and let Λi be a dense countable
subgroup of Bi. Let Λi act on (Bi,mi) by left multiplication. We suppose that the
two actions Λ1 y (B1,m1) and Λ2 y (B2,m2) are conjugate, that is, we have an
isomorphism F : Λ1 → Λ2 and a Borel isomorphism f from a conull Borel subset
of B1 onto a conull Borel subset of B2 with f∗m1 = m2 and f(λb) = F (λ)f(b) for
any λ ∈ Λ1 and a.e. b ∈ B1.
Then there exist a continuous isomorphism F¯ : B1 → B2 and an element b0 ∈ B2
such that F¯ extends F and the equality f(b) = F¯ (b)b0 holds for a.e. b ∈ B1.
Proof. We define a Borel map h : B1 × B1 → B2 by h(b, c) = f(b)f(c)f(bc)−1 for
b, c ∈ B1. Since B1 and B2 are abelian, we have h(λb, c) = h(b, λc) = h(b, c) for any
λ ∈ Λ1 and a.e. (b, c) ∈ B1 × B1. Ergodicity of the action of Λ1 × Λ1 on B1 × B1
by left multiplication implies that h is essentially constant. Let b0 ∈ B2 denote the
essential image of h.
We define a Borel map f¯ : B1 → B2 by f¯(b) = f(b)b
−1
0 for b ∈ B1. The map f¯
then preserves products a.e. It follows from [51, Theorems B.2 and B.3] that there
exists a continuous homomorphism F¯ : B1 → B2 with F¯ = f¯ a.e. For any λ ∈ Λ1
and a.e. b ∈ B1, we have
F (λ)f(b) = f(λb) = F¯ (λb)b0 = F¯ (λ)F¯ (b)b0 = F¯ (λ)f(b)
and thus F (λ) = F¯ (λ). The map F¯ extends F and is surjective. An argument for
f−1 in place of f implies that F¯ is an isomorphism. 
Let η : L×K →M denote the canonical projection.
Lemma 9.4. For any k ∈ K, η(L × {k}) is a path-connected component of M .
Proof. Let x be an element of L. We define I as the closed interval [x−1/3, x+1/3]
in L. The restriction of η to I ×K is injective and is thus a homeomorphism onto
the image. For any k ∈ K, the image η(I × K) contains an open neighborhood
of η(x, k) in M because η is an open map. Since K is totally disconnected, for
any k ∈ K and any continuous path l : [0, 1] → M with l(t0) = η(x, k) for some
t0 ∈ [0, 1], there exists a neighborhood of t0 in [0, 1] such that l sends any element
of it to η(I ×{k}). It follows that for any continuous map from [0, 1] into M , there
exists k ∈ K such that the image of the map is contained in η(L× {k}). 
Lemma 9.5. Let F be a continuous automorphism of M . Let α be the continuous
automorphism of L with F (η(x, e)) = η(α(x), e) for any x ∈ L. Then the element
of L, α(1), is a rational number.
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By Lemma 9.4, for any continuous automorphism F of M , there exists a unique
continuous automorphism α of L satisfying the equality F (η(x, e)) = η(α(x), e) for
any x ∈ L.
Proof of Lemma 9.5. For any positive integer n, we have the equality η(d0p
n
0 q
n
0 , e) =
η(0, ı(a)−d0p
n
0 q
n
0 ). The right hand side approaches 0 as n goes to infinity because
ı(a)−d0p
n
0 q
n
0 approaches the identity in Aut(T ). By continuity of F , the element
F (η(d0p
n
0 q
n
0 , e)) = η(d0p
n
0 q
n
0α(1), e) also approaches 0. Let η1 : R → R/Z denote
the canonical projection. It follows that η1(d0p
n
0 q
n
0α(1)) approaches 0 as n goes
to infinity. If |p0| = |q0| = 1, then d0α(1) is an integer, and thus α(1) is rational.
Otherwise, considering the |p0q0|-adic expansion of d0α(1), we find integers r, n
with n ≥ 0 and d0α(1) = r/|p0q0|n. The number α(1) is thus rational. 
Lemma 9.6. Let θ and θ′ be irrational numbers. If the action of E on M through
πθ and that through πθ′ are conjugate, then (θ
′ − 1)/(θ − 1) is a rational number.
Proof. The restriction of πθ to E is injective, and πθ(E) is dense in M by Lemma
9.2. The same property holds for θ′. Proposition 9.3 implies that there exists a
continuous automorphism F of M such that either F ◦ πθ = πθ′ on E or F ◦ πθ =
πθ′◦I on E, where I is the automorphism of E defined by I(x) = x−1 for x ∈ E. Let
α be the continuous automorphism of L with the equality F (η(x, e)) = η(α(x), e)
for any x ∈ L.
If the equality F ◦ πθ = πθ′ on E holds, then we have F (η(θ, ı(a))) = η(θ′, ı(a))
and thus F (η(θ− 1, e)) = η(θ′− 1, e). It follows that α(θ− 1) = θ′ − 1. Lemma 9.5
implies that (θ′ − 1)/(θ − 1) is rational. A similar argument can be applied to the
other case. 
Theorem 9.7. Let θ be an irrational number. Then the following assertions hold:
(i) The action of E on (L × K)/π1(E) through πθ and the action of E on
πθ(E)\(L ×K) through π1 are not conjugate.
(ii) The action of Γ on G/π1(Γ) through πθ and the action of Γ on πθ(Γ)\G
through π1 are not conjugate.
Proof. As noted right before Lemma 9.2, the action of E on πθ(E)\(L×K) through
π1 is conjugate with the action of E on (L × K)/π1(E) through πθ−1 . Since we
have the equality (θ−1 − 1)/(θ − 1) = −θ−1, assertion (i) follows from Lemma 9.6.
Any automorphism of Γ preserves elliptic subgroups of Γ because ellipticity of
elements of Γ is algebraic as noticed in the third paragraph in Section 2. Assertion
(ii) therefore follows from assertion (i). 
Finally, we notice that the action of Γ on G/π1(Γ) through πθ is not essentially
free. Let m : Γ → R×+ denote the modular homomorphism. For any θ ∈ L \ {0}
and γ ∈ Γ, let lθ(γ) ∈ L denote the first coordinate of πθ(γ) in L⋊ Aut(T ). Since
ı(kerm) acts on L trivially, the map lθ : kerm → L is a homomorphism. Let N
denote the kernel of this homomorphism. The group N is independent of θ because
we have the equality lθ(γ) = θl1(γ) for any γ ∈ Γ. Define the derived subgroups
Γ(1) = [Γ,Γ], Γ(2) = [Γ(1),Γ(1)].
We then have the inclusions Γ(1) < kerm and Γ(2) < N .
Lemma 9.8. For any θ ∈ L\{0}, the action of N on G/π1(Γ) through πθ is trivial.
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Proof. Pick γ ∈ N . Choose a positive integer n such that γ commutes an. Let K1
denote the closure of 〈ı(an)〉 in K, which is a subgroup of K of index at most n.
The subset [0, 1)×K of G is a fundamental domain for the action of Γ on G by
right multiplication through π1. For any x ∈ [0, 1) and k ∈ K, choosing m ∈ Z and
k1 ∈ K1 with k = ı(a
m)k1, we have the equality
πθ(γ)(x, k) = (x, ı(γ)k) = (x, k1ı(γ)ı(a
m)) = (x, k1ı(a
m)ı(a−mγam))
= (x, kı(a−mγam)) = (x, k)π1(a
−mγam),
where we use commutativity of K, and the first and last equalities hold because γ
and a−mγam lie in N . The lemma therefore follows. 
9.2. A modified coupling. Modifying the coupling (G, πθ , π1), we obtain a WOE
between f.f.m.p. actions of Γ satisfying the conclusion in Theorem 9.1. We pick an
essentially free and measure-preserving action of Γ on a standard probability space
(Z, ξ). Let (Σ,m) denote the product space (Z×G, ξ×mG), where mG is the Haar
measure on G. We define an action of Γ× Γ on Σ by
(γ1, γ2)(z, g) = (γ1z, πθ(γ1)gπ1(γ2)
−1)
for γ1, γ2 ∈ Γ, z ∈ Z and g ∈ G. This action makes (Σ,m) into a (Γ,Γ)-coupling.
Let L,R : Γ→ Γ× Γ be the homomorphisms defined by
L(γ) = (γ, e), R(γ) = (e, γ)
for γ ∈ Γ. We define two subsets X0, Y0 of G and two subsets X , Y of Σ by
X0 = [0, 1)×K, Y0 = [0, |θ|)×K, X = Z ×X0, Y = Z × Y0.
The subsets X0 and Y0 are fundamental domains for the actions R(Γ) y G and
L(Γ) y G, respectively. The subsets X and Y are fundamental domains for the
actions R(Γ)y Σ and L(Γ)y Σ, respectively.
We have the natural actions Γy X and Γy Y . The former action is isomorphic
to the diagonal action of Γ on Z×X0. It follows that the actions Γy X and Γy Y
are essentially free because so is the action Γy Z. Let β : Γ× Y0 → Γ be the ME
cocycle for the coupling (G, πθ, π1). As for the action Γy Y , we have the equality
γ · (z, y) = (β(γ, y)z, γ · y)
for any γ ∈ Γ, any z ∈ Z and a.e. y ∈ Y0. We now prove that the actions Γ y X
and Γy Y satisfy the desired property in Theorem 9.1.
Lemma 9.9. Suppose that θ is irrational and that any non-neutral element of Γ(2)
acts on (Z, ξ) ergodically. Then the following assertions hold:
(i) For any non-neutral element γ0 of Γ
(2), the ergodic decomposition for the
action 〈γ0〉 y X is equal to the projection from X = Z × X0 onto X0.
Moreover, the ergodic decomposition for the action 〈γ0〉 y Y is equal to
the projection from Y = Z × Y0 onto Y0.
(ii) The actions Γy X and Γy Y are not conjugate.
Proof. The former assertion in assertion (i) holds because Γ acts on X = Z ×X0
diagonally and because Γ(2) acts on X0 trivially by Lemma 9.8. We prove the latter
assertion. Pick a non-neutral element γ0 of Γ
(2). As in the second paragraph of the
proof of Lemma 9.8, for any x ∈ [0, |θ|) and k ∈ K, we can find m ∈ Z such that
β(γn0 , (x, k)) = a
mγn0 a
−m for any n ∈ Z. It follows that the restriction of the action
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〈γ0〉y Y to Z ×{(x, k)} is isomorphic to the action 〈γ0〉y Z, which is ergodic by
assumption. The latter assertion in assertion (i) is proved.
We prove assertion (ii). Assuming that the two actions Γ y X and Γ y Y are
conjugate, we deduce a contradiction. Let F be an automorphism of Γ and f a Borel
isomorphism from a conull Borel subset of X onto a conull Borel subset of Y such
that f preserves the classes of the measures on X and Y and satisfies the equality
f(γ · x) = F (γ) · f(x) for any γ ∈ Γ and a.e. x ∈ X . Pick a non-neutral element γ0
of Γ(2). Since F preserves Γ(2), the element F (γ0) is also non-neutral and belongs
to Γ(2). Assertion (i) implies that we have a Borel isomorphism h from a conull
Borel subset of X0 onto a conull Borel subset of Y0 which preserves the classes of
the measures on X0 and Y0 and satisfies the equality f(Z × {x}) = Z × {h(x)} up
to null sets, for a.e. x ∈ X0. For any γ ∈ Γ and a.e. x ∈ X0, we then have the
equality h(γ · x) = F (γ) · h(x). It follows that the actions Γy X0 and Γy Y0 are
conjugate. This contradicts Theorem 9.7. 
Lemma 9.10. Suppose that θ is irrational. Let H be a non-trivial subgroup of E.
Then the following assertions hold:
(i) We identify E with Z through the isomorphism sending a to 1. Then for
a.e. y ∈ Y0, the function β(·, y) from H into E is non-decreasing if θ is
positive, and is non-increasing if θ is negative. Moreover, for a.e. y ∈ Y0,
the function β(·, y) is bounded neither below nor above.
(ii) If the action of E on (Z, ξ) is mixing, then the actions of H on X and on
Y are both ergodic.
Proof. For any x ∈ [0, |θ|), any k ∈ K and any n ∈ Z, the integer m satisfying the
equation β(an, (x, k)) = am is determined by the condition x − n + θm ∈ [0, |θ|).
Assertion (i) follows.
In assertion (ii), ergodicity of the action of H on X follows from Lemma 9.2 and
the assumption that the action of E on (Z, ξ) is mixing. We show that the action
of H on Y is ergodic in the case where θ is positive. The proof of the other case
is similar and is thus omitted. Let ν0 denote the measure on Y0. We may assume
that ν0 is a probability measure, and define the probability measure ν = ξ × ν0 on
Y . Let b be the generator of H that is a positive power of a. It is enough to show
that for any Borel subsets A1, A2 ⊂ Z and B1, B2 ⊂ Y0, we have
1
n
n∑
k=1
ν(bk(A1 ×B1) ∩ (A2 ×B2))→ ν(A1 ×B1)ν(A2 ×B2)
as n goes to infinity (see [8, I.2.6 (iii)]). For non-negative integers k, m, we set
Cmk = { y ∈ B1 | β(b
k, y) = am }.
For any positive integer k, we have the decomposition B1 =
⊔∞
m=0 C
m
k and thus
bk(A1 ×B1) =
∞⊔
m=0
(amA1)× (b
kCmk ).
Pick a positive real number ε. Since the action of E on (Z, ξ) is mixing, there exists
a positive integer M1 such that for any integer m with m ≥M1, we have
|ξ(amA1 ∩A2)− ξ(A1)ξ(A2)| < ε.
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By assertion (i), there exists a positive integer M2 such that for any integer k with
k ≥M2, we have
∑M1−1
m=0 ν0(C
m
k ) < ε. For any integer k with k ≥M2, we have∣∣ ν(bk(A1 ×B1) ∩ (A2 ×B2))− ξ(A1)ξ(A2)ν0(bkB1 ∩B2) ∣∣
=
∣∣∣∣∣
∞∑
m=0
ξ(amA1 ∩ A2)ν0(b
kCmk ∩B2)− ξ(A1)ξ(A2)ν0(b
kB1 ∩B2)
∣∣∣∣∣
≤ ε+
∣∣∣∣∣
∞∑
m=M1
ξ(amA1 ∩ A2)ν0(b
kCmk ∩B2)− ξ(A1)ξ(A2)ν0(b
kB1 ∩B2)
∣∣∣∣∣
≤ 2ε+ ξ(A1)ξ(A2)
∣∣∣∣∣
∞∑
m=M1
ν0(b
kCmk ∩B2)− ν0(b
kB1 ∩B2)
∣∣∣∣∣ ≤ 3ε.
For any sufficiently large integer n with n ≥M2 and n ≥M2/ε, we have∣∣∣∣∣
1
n
n∑
k=1
ν(bk(A1 ×B1) ∩ (A2 ×B2))− ν(A1 ×B1)ν(A2 ×B2)
∣∣∣∣∣
≤
∣∣∣∣∣
1
n
M2−1∑
k=1
ν(bk(A1 ×B1) ∩ (A2 ×B2))
∣∣∣∣∣
+
∣∣∣∣∣
1
n
n∑
k=M2
ν(bk(A1 ×B1) ∩ (A2 ×B2))− ξ(A1)ξ(A2)ν0(B1)ν0(B2)
∣∣∣∣∣
≤ ε+ 3ε+ ξ(A1)ξ(A2)
∣∣∣∣∣
1
n
n∑
k=M2
ν0(b
kB1 ∩B2)− ν0(B1)ν0(B2)
∣∣∣∣∣
≤ 4ε+ ξ(A1)ξ(A2)
1
n
M2−1∑
k=1
ν0(b
kB1 ∩B2)
+ ξ(A1)ξ(A2)
∣∣∣∣∣
1
n
n∑
k=1
ν0(b
kB1 ∩B2)− ν0(B1)ν0(B2)
∣∣∣∣∣
≤ 4ε+ ε+ ε = 6ε,
where we use ergodicity of the action ofH on Y0 in the last inequality, which follows
from Lemma 9.2. 
Combining Lemmas 9.9 and 9.10, we obtain the following:
Theorem 9.11. If θ is irrational and the action Γ y (Z, ξ) is mixing, then the
(Γ,Γ)-coupling (Σ,m) satisfies the following three properties:
• The action Γ× Γy (Σ,m) is essentially free.
• The two actions L(Γ)y Σ/R(Γ) and R(Γ)y Σ/L(Γ) are not conjugate.
• For any non-trivial elliptic subgroup H of Γ, the actions L(H)y Σ/R(Γ)
and R(H)y Σ/L(Γ) are both ergodic.
Theorem 9.1 is a direct consequence of this theorem.
Remark 9.12. In contrast with Theorem 9.1, we obtain rigidity of Bernoulli shifts of
Baumslag-Solitar groups as an application of Popa’s cocycle superrigidity theorem
[42]. Let Γ be a discrete group. An infinite subgroup H of Γ is called wq-normal in
Γ if for any subgroup H1 with H < H1 < Γ and H1 6= Γ, there exists an element
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γ ∈ Γ \H1 with γH1γ−1 ∩H1 infinite. This definition is different from that in [42].
Equivalence between these two definitions is discussed in [40, Definition 2.3].
Lemma 9.13. We set Γ = BS(p, q) = 〈 a, t | tapt−1 = aq 〉 with 2 ≤ |p| ≤ |q|. Then
〈aq〉 is wq-normal in Γ, and the centralizer of 〈aq〉 in Γ is non-amenable.
Proof. Let H1 be a proper subgroup of Γ containing 〈a
q〉. Either a or t does not
belong to H1. Both aH1a
−1 ∩ H1 and tH1t−1 ∩ H1 are infinite because we have
a〈aq〉a−1 = 〈aq〉 and 〈aq
2
〉 < t〈aq〉t−1 ∩ 〈aq〉. The former assertion of the lemma is
proved. If |p| = |q|, then the centralizer of 〈aq〉 in Γ contains a, tat−1 and t2 and
is of finite index in Γ. If |p| < |q|, then the centralizer of 〈aq〉 in Γ contains a and
tat−1 and is non-amenable. The latter assertion of the lemma follows. 
For a discrete group Γ and a standard probability space (X0, µ0) such that there
is no point of X0 whose measure is equal to 1, the Bernoulli shift Γy (X0, µ0)
Γ is
defined by the formula γ(xδ)δ∈Γ = (xγ−1δ)δ∈Γ for γ ∈ Γ and (xδ)δ∈Γ ∈ X
Γ
0 . Lemma
9.13 and [42, Corollary 1.2] imply the following rigidity.
Theorem 9.14. Set Γ = BS(p, q) with 2 ≤ |p| ≤ |q|. Let (X0, µ0) be a standard
probability space such that there is no point of X0 whose measure is equal to 1. If
the Bernoulli shift Γy (X0, µ0)
Γ is WOE to an ergodic f.f.m.p. action Λy (Y, ν)
of a discrete group Λ, then there exist a finite index subgroup Λ0 of Λ and a Λ0-
invariant Borel subset Y0 of Y satisfying the following three conditions:
• The equality ν(Y0)/ν(Y ) = [Λ : Λ0]−1 holds.
• The action Λy (Y, ν) is induced from the action Λ0 y (Y0, ν|Y0).
• The actions Γy (X0, µ0)Γ and Λ0 y (Y0, ν|Y0) are conjugate.
In [9, Corollary 1.7], Bowen shows that the entropy of the base space (X0, µ0)
is a complete conjugacy-invariant of Bernoulli shifts of a sofic Ornstein group. The
group BS(p, q) is sofic (see [39, Example 4.6]) and is also Ornstein because it has
an infinite amenable subgroup which is Ornstein (see [9, p.218]). Theorem 9.14
implies that the entropy of (X0, µ0) is also a complete WOE-invariant for Bernoulli
shifts of BS(p, q).
Appendix A. Ergodic components for elliptic subgroups
We set Γ = BS(p, q) = 〈 a, t | tapt−1 = aq 〉 with 2 ≤ |p| < |q|. Let d0 > 0 denote
the greatest common divisor of p and q, and put p0 = p/d0 and q0 = q/d0. We
assume that q is not a multiple of p. We thus have 1 < |p0| < |q0|. In this appendix,
given an ergodic measure-preserving action of Γ on a standard probability space,
we discuss ergodicity of its restriction to an elliptic subgroup of Γ.
Lemma A.1. Let (X,µ) be a standard probability space. Suppose that we have an
ergodic measure-preserving action of Γ on (X,µ). Let θ : (X,µ) → (Z, ξ) be the
ergodic decomposition for the action of 〈ad0〉 on (X,µ). We define Z0 as the subset
of all points of Z with positive measure. Then either ξ(Z0) = 0 or ξ(Z \ Z0) = 0.
Proof. We may assume that ξ(Z0) = µ(θ
−1(Z0)) is positive. It is enough to show
that θ−1(Z0) is Γ-invariant. Pick γ ∈ Γ. Pick an ergodic component X0 for the
action 〈ad0〉 y (X,µ) which is contained in θ−1(Z0). Choose a positive integer n
with γand0γ−1 ∈ 〈ad0〉. Let X1 be an ergodic component for the action of 〈and0〉
on X0. Since γX1 is an ergodic component for the action of 〈γa
nd0γ−1〉 on X and
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has positive measure with respect to µ, we have γX1 ⊂ θ−1(Z0). It follows that
γX0 ⊂ θ−1(Z0) and thus γθ−1(Z0) ⊂ θ−1(Z0). 
Thanks to Lemma A.1, ergodic measure-preserving actions of Γ on a standard
probability space (X,µ) have the following dichotomy: Either almost every ergodic
component for the action of 〈a〉 on (X,µ) has positive measure with respect to µ,
or almost every ergodic component for the action of 〈a〉 on (X,µ) has zero measure
with respect to µ. The following lemma focuses on actions with the former property.
Lemma A.2. In the notation in Lemma A.1, if ξ(Z \ Z0) = 0, then for any non-
negative integers k, l and any z ∈ Z0, θ−1(z) is an ergodic component for the action
of 〈ad0p
k
0q
l
0〉 on (X,µ).
To prove this lemma, we use the following elementary observation on the ergodic
decomposition for a power of an ergodic transformation.
Lemma A.3. Let r and s be positive integers. Suppose that we have an ergodic
measure-preserving action of the group Z on a standard finite measure space (Y, ν).
For non-negative integers k, l, we define λk,l : (Y, ν) → (Wk,l, ωk,l) as the ergodic
decomposition for the action of the subgroup rkslZ on (Y, ν), and assume that any
point of Wk,l has positive measure. Then for any non-negative integers k, l,
(i) both |Wk+1,l|/|Wk,l| and |Wk,l+1|/|Wk,l| are integers; and
(ii) |Wk+1,l|/|Wk,l| is a divisor of r, and |Wk,l+1|/|Wk,l| is a divisor of s.
Proof of Lemma A.2. For non-negative integers k, l, we set Ek,l = 〈ad0p
k
0q
l
0〉. Let
X0 be an ergodic component for the action of E0,0 on X with µ(X0) > 0. Choose
a positive integer n with µ(tnX0 ∩X0) > 0. We put A = X0 ∩ t−nX0.
Assuming that there exists a positive integer k such that the action of Ek,0 on X0
is not ergodic, we deduce a contradiction. Let k be the minimal integer such that
k ≥ n and the action of Ek,0 on X0 is not ergodic. Let X1 be an ergodic component
for the action of Ek,0 on X0 with µ(X1∩A) > 0. The number µ(X0)/µ(X1) is then
a divisor of pk0 bigger than 1. Since t
nA ⊂ X0, we have tn(X1 ∩ A) ⊂ X0. For any
x ∈ X1 ∩ A and any integer r, we have tnad0p
k
0rx = ad0p
k−n
0 q
n
0 rtnx. It follows that
tnX1 ⊂ 〈ad0〉X0 = X0. The equality tnad0p
k
0 t−n = ad0p
k−n
0 q
n
0 implies that tnX1 is
an ergodic component for the action of Ek−n,n on X0. The number µ(X0)/µ(t
nX1)
is therefore a divisor of pk−n0 q
n
0 . If there were a divisor of µ(X0)/µ(t
nX1) which
is a divisor of p0 bigger than 1, then we would have k − n ≥ 1, and the action of
Ek−n,0 on X0 would not be ergodic by Lemma A.3. It follows that k − 1 ≥ n and
the action of Ek−1,0 on X0 is not ergodic. This contradicts the minimality of k.
The number µ(X0)/µ(t
nX1) is therefore a divisor of q
n
0 . On the other hand, we
have the equality µ(X0)/µ(t
nX1) = µ(X0)/µ(X1). This is a contradiction.
We have shown that for any positive integer k, the action of Ek,0 onX0 is ergodic.
Along a similar argument, we can show that for any positive integer l, the action
of E0,l on X0 is ergodic. The lemma now follows from Lemma A.3. 
Appendix B. Exotic amenable normal subgroupoids
We set Γ = BS(p, q) with 2 ≤ |p| < |q| and the presentation Γ = 〈 a, t | tapt−1 =
aq 〉, and set E = 〈a〉. Let (X,µ) be a standard finite measure space. For a certain
measure-preserving action of Γ on (X,µ), we show that the subgroupoid E ⋉X is
normal in Γ⋉X . We also discuss the associated quotient groupoid. The existence
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of such a subgroupoid is contrast to the property that the trivial group is the
only amenable normal subgroup of Γ. In fact, if there were an infinite amenable
normal subgroup N of Γ, then N would be elliptic by Theorem 5.1, but it would
be non-amenable by the presentation of Γ.
For non-zero integers d, m and n, we say that a measure-preserving action of the
group Z on (X,µ) is (d;m,n)-periodic if for any non-negative integers k, l, there
exists a Z-equivariant Borel map from X into Z/(dmknlZ).
Proposition B.1. Let d0 > 0 denote the greatest common divisor of p and q, and
put p0 = p/d0 and q0 = q/d0. Let Γy (X,µ) be a measure-preserving action such
that the action of E is (d0; p0, q0)-periodic. We set G = Γ ⋉ X and E = E ⋉ X.
Then E is normal in G.
Proof. For non-negative integers k, l, we set Ek,l = 〈ad0p
k
0q
l
0〉. Pick γ ∈ Γ. There
exist non-negative integers i, j, k and l with Ei,j = E∩γ−1Eγ and Ek,l = γEi,jγ−1.
Let A be an Ei,j-invariant Borel subset of X with
X = A0 ⊔A1 ⊔ · · · ⊔Ad0|p0|i|q0|j−1
up to null sets, where we set Am = a
mA for each m ∈ Z. Similarly, let B be an
Ek,l-invariant Borel subset of X with
X = B0 ⊔B1 ⊔ · · · ⊔Bd0|p0|k|q0|l−1
up to null sets, where we set Bm = a
mB for each m ∈ Z. We define X =
⊔
n∈N Cn
as the partition of X generated by the partition of X into {Am}m and that into
{γ−1Bm′}m′ . Namely, it is the partition of X so that for each n ∈ N , Cn is of the
form Am ∩ γ−1Bm′ . The index set N is finite.
Define an automorphism U of G by U(δ, x) = (γδγ−1, γx) for (δ, x) ∈ G. For any
m ∈ Z, we have the equalities (Ei,j ⋉X)Am = (E)Am and (Ek,l ⋉X)Bm = (E)Bm .
It follows that for any n ∈ N , we have the equality
U((E)Cn) = U((Ei,j ⋉X)Cn) = (Ek,l ⋉X)γCn = (E)γCn .
The map from Cn to G sending each element x of Cn to (γ, x) thus lies in NG(E). 
Let G be an ergodic discrete measured groupoid on (X,µ) with r, s : G → X the
range and source maps of G, respectively. Let δ : G → R×+ be the Radon-Nikodym
cocycle defined by the equality
µ(r ◦ φ(A)) =
∫
A
δ(φ(x)) dµ(x)
for any φ ∈ [[G]] and any Borel subset A of Dφ. The cocycle δ factors through the
quotient equivalence relation of G defined as { (r(g), s(g)) ∈ X ×X | g ∈ G }. The
Mackey range of the cocycle log ◦δ : G → R is an ergodic non-singular action of R
on a standard Borel space with a σ-finite measure, and is called the flow associated
with G. We say that
• G is of type III if the flow associated with G is not isomorphic to the action
of R on itself by addition;
• G is of type IIIλ, where λ is a real number with 0 < λ < 1, if the flow
associated with G is isomorphic to the action of R on R/(− logλ)Z by
addition;
• G is of type III0 if the flow associated with G is recurrent and any orbit of
it is of measure zero; and
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• G is of type III1 if the flow associated with G is isomorphic to the trivial
action of R on a single point.
Note that G is of type III if and only if G is of type IIIλ for some λ with 0 ≤ λ ≤ 1.
We refer to [23] for fundamental results on orbit equivalence relations of type III.
As introduced in Remark 7.4, every ergodic measure-preserving action of Γ on
(X,µ) is classified into those of type λ with λ ∈ {|p/q|n}n∈Z>0 ∪ {0}. Under the
assumption in Proposition B.1, we have the following relationship between the type
of the action Γy (X,µ) and the type of the quotient G/E .
Proposition B.2. In the notation in Proposition B.1, suppose that the action
Γy (X,µ) is ergodic. If the action Γy (X,µ) is of type λ in the sense of Remark
7.4, then the quotient G/E is of type IIIλ. In particular, G/E is of type III.
Proof. Put Q = G/E and let θ : G → Q denote the quotient homomorphism. Let
δ : Q → R×+ denote the Radon-Nikodym cocycle for Q. We define D : G → R
×
+ as
D(G, E), the modular cocycle of Radon-Nikodym type defined in Section 6.1. We
also define I : G → R×+ as I(G, E), the local-index cocycle defined in Section 6.2.
Let m : Γ→ R×+ be the modular homomorphism. The last equality obtained in the
proof of Proposition B.1 implies that I(γ, x) = 1 for any γ ∈ Γ and a.e. x ∈ X . By
Corollary 6.8, we have m(γ) = D(γ, x) for any γ ∈ Γ and a.e. x ∈ X . To prove the
proposition, it thus suffices to show the equality δ ◦ θ(g) = D(g) for a.e. g ∈ G.
Let (Z, ξ) be the unit space of Q. Recall that the induced map θ : (X,µ)→ (Z, ξ)
is the ergodic decomposition for E . We fix γ ∈ Γ, and set E− = E ∩ γ−1Eγ and
E+ = E ∩ γEγ−1. Let
θ− : (X,µ)→ (Z−, ξ−) and θ+ : (X,µ)→ (Z+, ξ+)
be the ergodic decompositions for the actions of E− and E+, respectively. We have
the Borel maps σ− : Z− → Z and σ+ : Z+ → Z with θ = σ− ◦ θ− = σ+ ◦ θ+. For
a.e. x ∈ X , we have θ(γ, ax) = θ(γ, ax)θ(a, x) = θ(γ, x). The map θ(γ, ·) from X
into Q therefore induces the Borel map φ : Z → Q with φ(θ(x)) = θ(γ, x) for a.e.
x ∈ X .
Let Y be a Borel subset of Z such that the restriction of r ◦ φ to Y is injective,
where r denotes the range map of Q. Pick a Borel subset Y− of Z− such that σ−
induces an isomorphism from Y− onto Y . The element γ induces an isomorphism
from (Z−, ξ−) onto (Z+, ξ+). Define a Borel subset Y+ of Z+ as Y+ = γY−, and set
A = θ−1− (Y−). The equality γA = θ
−1
+ (Y+) holds, and σ+ induces an isomorphism
from Y+ onto r ◦ φ(Y ) because the restriction of r ◦ φ to Y is injective. Since the
action E y (X,µ) is (d0; p0, q0)-periodic, we have µ(A) = ξ(Y )[E : E−]
−1 and
µ(γA) = ξ(r ◦ φ(Y ))[E : E+]−1. The equality µ(A) = µ(γA) implies
ξ(r ◦ φ(Y )) =
[E : E+]
[E : E−]
ξ(Y ) = m(γ)ξ(Y ).
It therefore follows that δ ◦ θ(γ, x) = m(γ) for a.e. x ∈ X . 
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